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FOREWORD 

T h e  a u t h o r  w i s h e s  t o  e x p r e s s  h i s  t h a n k s  t o  

N .  A b r a m s o n ,  N .  N i l s s o n ,  a n d  A .  N o v i k o f f  f o r  many 

v a l u a b l e  d i s c u s s i o n s .  He w i s h e s  t o  t h a n k  U.  B r o w n ,  

J .  K o f o r d ,  a n d  B. W i d r o w  f o r  f o r m u l a t i o n  o f  s e v e r a l  

r e l a t e d  p r o b l e m s  w h i c h  l e d  t o  t h e  s t u d i e s  i n  t h i s  

r e p o r t .  T h e  r e s e a r c h  c u l m i n a t i n g  i n  t h i s  r e p o r t  w a s  

b e g u n  w i t h  B. E f r o n ,  w i t h  whom a  j o i n t  p a p e r  i s  i n  

p r e p a r a t i o n .  
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Mechanisms, P a t t e r n  ?,ecognit lon,  Linear Threshc1.i [ 'nit::  

ABSTRACT 

This  r epo r t  represents  work i n  progress  on p rope r t i e s  of l i n e a r  
th reshold  func t ions .  n a d dimensional b inary  space t h e r e  e x i s t s  n 3 sepa ra t e  po in t s  (N = 2 ) .  F'urthermore t h e r e  e x i s t s  2N poss ib le  com- 
b ina t ions  (dichotomy) of  t hese  p o i n t s .  Not a l l  of t h e s e  combinations 
can be separated by l i n e a r  th reshold  func t ions .  This  paper concerns 
i t s e l f  with determining which combination can o r  cannot he separa ted .  
Surfaces o the r  than  hyperplanes a r e  a l s o  s tudied .  These include 
sur faces  obtained by mul t ip le  l i n e a r  th reshold  devices  and quadra t ic  
su r f aces .  Consideration is a l s o  given t o  t r a i n i n g  procedures i n  t h e  
separa t ion  o f  random p a t t e r n s  by l i n e a r  th reshold  devices .  
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I INTRODUCTION AND SUMMARY 

C o n s i d e r  a  s e t  o f  p a t t e r n s  w h i c h  i s  r e p r e s e n t e d  by  a  s e t  o f  v e c t o r s  

i n  a  d - d i m e n s i o n a l  s p a c e .  A h o m o g e n e o u s  l i n e a r  t h r e s h o l d  f u n c t i o n  f i s  

d e f i n e d  o n  t h i s  s p a c e :  

Any f u n c t i o n  o f  t h i s  f o r m  h a s  a  s i m p l e  i m p l e m e n t a t i o n  i n d i c a t e d  s c h e m a t i -  

c a l l y  i n  F i g .  1 .  E v e r y  h o m o g e n e o u s  l i n e a r  t h r e s h o l d  f u n c t i o n  n a t u r a l l y  

d i c h o t o m i z e s  t h e  s e t  o f  p a t t e r n  v e c t o r s  i n t o  two s e t s ,  t h e  s e t  o f  v e c t o r s  

x s u c h  t h a t  f ( x )  = 1 a n d  t h e  s e t  o f  v e c t o r s  s u c h  t h a t  f ( x )  = -1. G e o -  

m e t r i c a l l y ,  t h e  t w o  s e t s  o f  p a t t e r n  v e c t o r s  a r e  s e p a r a t e d  b y  t h e  h y p e r p l a n e  

T h e r e  a r e  2 N  f u n c t i o n s  t a k i n g  v a l u e s  k 1  o n  N p o i n t s .  E a c h  f u n c t i o n  

c o r r e s p o n d s  t o  a  d i c h o t o m y  o f  t h e  N p o i n t s .  I n  g e n e r a l ,  t h e r e  a r e  f e w e r  

t h a n  2 N  h o m o g e n e o u s  l i n e a r  t h r e s h o l d  f u n c t i o n s  o n  N p o i n t s .  S e c t i o n  I1 

i s  d e v o t e d  t o  a  s h o r t  h i s t o r y  o f  t h e  p r o b l e m  o f  c o u n t i n g  t h e  n u m b e r  o f  

h o m o g e n e o u s  l i n e a r  t h r e s h o l d  f u n c t i o n s .  

T h e r e  a r e  many c l a s s e s  o f  s e p a r a t i n g  s u r f a c e s  o t h e r  t h a n  h y p e r p l a n e s  

w h i c h  a r e  t r a c t a b l e  a n a l y t i c a l l y  a n d  e a s i l y  i m p l e m e n t e d  by  a u g m e n t e d  

{ I, W - X  > 0 
-I, W - X  < 0 

FIG. 1 HOMOGENEOUS LINEAR THRESHOLD UNIT AND 
IMPLEMENTATION OF SEPARATING HYPERPLANE 



1 i n e a r  t l i r o s h o 1 . d  d e v i c e s .  F o r  e x a m p l e ,  i n  S e c t i o n  11 I .  t i l t .  I C V ; ; I I I  s o f  

S e ~ t l o n  11 a r e  g e n e r a l i z e d  i n  c r d e r  t o  c o u n t  t l ~ e  r l u ~ ; ; l , t t ~ .  0 1  u , ~ ; . i  i l l  w h i c i ~  

I ~ y [ ~ e r s p \ ~ e r ~ s ,  I ~ y p e r c o n e j ,  ant i  ? u a d r i c  s u r f a c e s  car1 1 i iv i111:  .\' ~ l o i n t s  i n t o  

t w c  s e t s .  

I n  S e c t i o n  IV, i t  i s  f o u r i d  t h a t  a  l i n e a r  t l ~ r r ~ l ~ c l l ~ l  t i t . )  l < -  111s a 

n a ~ u r a l  s e p a r a t i n g  c a p a c i t y  o f  t w o  r a n d o m  p a t t e r n s  p a r  a d a p t i v e  w e i p l i c ,  

t h u s  v e r i f y i n g  e x p e r i m e n t a l  w o r k  by  ~ o f o r d l *  a n d  ~ r o w n . '  From t . h e  c 7 n  

s i d e r a t i o a s  i n  S e c t i o n  I V ,  i t  c a n  b e  s h o w n  t h a :  a  s e t  o f  2 0  r ~ l ~ i l ~ . r n  

i n e q u a l i t i e s  i n  d u n k n o w n s  h a s  a  s o l u t i o n  w i t h  i , r q h a t , i l i t \ -  o l l c - h a l t ' .  

One  p o s s i b l e . d e f i n i t i o n  o f  t h e  p r o c e s s  o f  g e n e r a l i z a t i o n  i s  o f f e r e d  

i n  S e c t i o n  V ,  i n  w h i c h  i t  i s  s h o w n  t h a t  a l a r g e  n u m b e r  o f  p a t t e r n s  m u s t  

b e  u s e d  i n  t r a i n i n g  a  l i n e a r  t h r e s h o l d  u n i t  i n  o r d e r  t o  e n s u r e  a  h i g h  

p r o b a b i l i t y  o f  u n a m b i g u o u s  r e s p o n s e  t o  a d d i t i o r i a l  u n k n o w n  p a t t e r n s .  

T h i s  r c p o r t  r e p r e s e n t s  w o r k  i n  p r o g r e s s  o n  p r o p e r t i e s  o l '  l i n e a r  

t h r e s h o l J  f u n c t i o n s .  F u t u r e  r e p o r t s  w i l l  c o n c e r n :  

A s t u d y  o f  t h e  i n e q u a l i t y  c o n s t r a i n t s  o n  t h e  w e i g h t  
v e c t o r  w i n  E q .  ( 1 ) .  

C o u n t i n g  t h e  n u m b e r  o f  d i c h o t o m i e s  o f  N p o i n t s  i n  t i - s p a c e  
t h a t  a r e  s e p a r a b l e  w i t h  r o r  f e w e r  e r r o r s .  

L - i ? e r a l i z i r i g  t h e  c o n s t r a i n t  o f  g e n e r a l  p o s i t i o n  i n  tilt: 
t h e o r e m s  o f  S e c t i o n  11. 

A s t u d y  o f  c a p a c i t i e s  o f  n e t w o r k s  o f '  l i n e a l  t . l ~ r t : s h o l ~ l  
d e v i c e s .  

Refsrencer are l i s t e d  a t  t h e  el'd o f  the r e p o r t .  
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I1 SEPARATION THEOREMS 

The f o l l o w i n g  t h e o r e m  i s  d u e  t o    end el:^ 

Theorem I .  L e t  N  p o i n t s  b e  randomly  s c a t t e r e d  on t h e  s u r -  

f a c e  o f  a  u n i t  s p h e r e  i n  d - s p a c e .  Then t h e  p r o b a b i l i t y  P N a d  

t h a t  t h e r e  e x i s t s  some h e m i s p h e r e  c o n t a i n i n g  a l l  o f  t h e  

p o i n t s  i s  

The f o l l o w i n g  t h e o r e m  e m p h a s i z e s  t h e  f a c t  t h a t  t h e  u n d e r l y i n g  p r o b l e m  i s  

c o m b i n a t o r i a l  r a t h e r  t h a n  p r o b a b i l i s t i c :  

Theorem 2 .  L e t  x l ,  . . . ,  x N  b e  v e c t o r s  i n  d - s p a c e  s u c h  t h a t  

n o  d o f  them a r e  l i n e a r l y  d e p e n d e n t .  Of t h e  2 N  p o s s i b l e  s e t s  

{ f x 1 ,  . . . , f x N )  fo rmed  by a s s i g n i n g  p l u s  a n d  m i n u s  s i g n s ,  

e x a c t l y  C N a d  s e t s  h a v e  t h e  p r o p e r t y  t h a t  t h e  e n t i r e  s e t  l i e s  

i n  some h a l f  s p a c e ,  where  

Theorem 2 h a s  b e e n  p r o v e d  by numerous  a u t h o r s ,  b u t  ~ i n d e r , ~  Cameron,  5 

P e r k i n s ,  Whi t m o r e ,  a n d   illi is,^ and  J o s e p h 7  h a v e  e m p h a s i z e d  t h e  a p p l i c a t i o n  

o f  Theorem 2 t o  t h e  p r o b l e m  o f  c o u n t i n g  t h e  number o f  l i n e a r l y  s e p a r a b l e  

p a r t i t i o n s  o f  a  s e t .  A l l  t h e  a u t h o r s  l i s t e d  a b o v e  h a v e  u s e d  a  v a r i a n t  o f  

a  p r o o f ,  which a p p e a r s  i n  ~ c h l i i f l i , '  o f  Theorem 3 o r  i t s  d u a l  s t a t e m e n t  

Theorem 3 ' :  

Theorem 3 .  N  h y p e r p l a n e s  i n  g e n e r a l  ~ o s i t i o n  p a s s i n g  t h r o u g h  

t h e  o r i g i n  o f  d - s p a c e  d i v i d e  t h e  s p a c e  i n t o  C N , d  r e g i o n s .  

Theorem 3 ' .  A d - d i m e n s i o n a l  s u b s p a c e  i n  g e n e r a l  p o s i t i o n  i n  

N - s p a c e  i n t e r s e c t s  C N S d  o r t h a n t s .  

A s e t  of h y p e r p l a n e s  is i n  g e n e r a l  p o s i t i o n  i n  Theorem 3 i f  e v e r y  

d e l e m e n t  s u b s e t  o f  t h e  s e t  o f  n o r m a l  v e c t o r s  d e f i n e d  by t h e  h y p e r p l a n e s  



i s  l i n e a r l y  i n d e p e n d e n t .  The c o r r e s p o n d i n g  d u a l  d e f i n i t i o n  o f  g e n e r a l  

p o s i t i o n  f o r  Theorem 3 '  i s  l e s s  c l e a r l y  s t a t e d .  A d - d i m e n s i o n a l  s u b s p a c e  

i s  i n  g e n e r a l  p o s i t i o n  i n  R~ i f  t h e  z e r o  v e c t o r  i s  t h e  o n l y  e l e m e n t  i n  

t h e  i n t e r s e c t i o n  o f  t h i s  s u b s p a c e  w i t h  any d - d i m e n s i o n a l  c o o r d i n a t e  a x i s .  

A p r o o f  o f  Theorem 3 w i l l  b e  s k e t c h e d .  S e e  ~ c h l i i f l i , ~  ~ a m e r o n , '  

~ i n d e r , ~  and  wende13 f o r  s i m i l a r  t r e a t m e n t s .  L e t  C N ,  be  t h e  number o f  

r e g i o n s  formed by N ( d  - 1 ) - d i m e n s i o n a l  s u b s p a c e s  i n  g e n e r a l  p o s i t i o n  i n  

d - s p a c e .  C o n s i d e r  a  ( N  + 1 ) t h  ( d  - 1 ) - d i m e n s i o n a l  s u b s p a c e .  I t  i s  i n t e r -  

s e c t e d  by e a c h  o f  t h e  N s u b s p a c e s  i n  a  ( d  - 2 ) - d i m e n s i o n a l  s u b s p a c e .  The 

N ( d  - 2 ) - d i m e n s i o n a l  s u b s p a c e s  m a i n t a i n  g e n e r a l  p o s i t i o n .  Hence t h e y  

d i v i d e  t h e  new s u b s p a c e  i n t o  CN,,-, r e g i o n s .  Thus t h e  ( N  + 1 ) t h  s u b s p a c e  

i n t e r s e c t s  CN, d - l  o f  t h e  C N a d  r e g i o n s ,  f o r m i n g  C N , d - l  new r e g i o n s .  The 

t o t a l  number o f  r e g i o n s  fo rmed  by N + 1 p l a n e s  i s  t h e n  g i v e n  by t h e  r e c u r -  

r e n c e  r e l a t i o n  

U s i n g  t h e  o b v i o u s  boundary  c o n d i t i o n s  

and  

i t  i s  e a s i l y  v e r i f i e d  t h a t  CN,, i s  g i v e n  by E q .  ( 4 ) .  

F i n a l l y  i n  Theorem 3". we s h a l l  s t a t e  Theorem 3 i n  an a l t e r n a t i v e  

e q u i v a l e n t  form a n d  p r e s e n t  a  new p r o o f .  

Definition. A d i c h o t o m y  {x+,x-) o f  a se t  X = {rl, . . . , x N  E R , )  
i s  l i n e a r l y  s e p a r a b l e  i f  a n d  o n l y  i f  t h e r e  e x i s t s  w E Ild s u c h  

t h a t  

The d i c h o t o m y  {x+,x-) i s  s a i d  t o  b e  homogeneous ly  l i n e a r l y  s e p a r a b l e  

i f  i t  i s  l i n e a r l y  s e p a r a b l e  w i t h  t = 0. A v e c t o r  UJ s a t i s f y i n g  Eq .  ( 7 )  
w i l l  b e  c a l l e d  a  s o l u t i o n  o r  s e p a r a t i n g  v e c t o r  and  t h e  c o r r e s p o n d i n g  



s u r f a c e  { x  : x  . w = t )  w i l l  be  c a l l e d  t h e  s e p a r a t i n g  h y p e r p l a n e .  I f  

t  = 0 we h a v e  a s e p a r a t i n g  h y p e r p l a n e  t h r o u g h  t h e  o r i g i n  and a  homogeneous 

s o l u t i o n  v e c t o r .  

The f o l l o w i n g  lemma i s  g e o m e t r i c a l l y  o b v i o u s .  I t  w i l l  be u s e d  i n  

t h e  p r o o f  o f  Theorem 3 " .  a n d  w i l l  be a p p l i e d  i n  t h e  s e c t i o n  on g e n e r a l i z a t i o n :  

Lemma. L e t  { x + , x - 1  be  a  d icho tomy o f  X  = { x l ,  x l ,  . . . , x N  E R d )  

and x N t l  be  a  p o i n t  i n  R ~ .  Then { x + u { x ~ + ,  1 ,  X - 1  and 

{ x ' ,  x - U { x , + ,  1 )  a r e  b o t h  homogeneous ly  l i n e a r l y  s e p a r a b l e  i f  and 

o n l y  i f  { x + , x - )  i s  homogeneous ly  l i n e a r l y  s e p a r a b l e  by a  h y p e r -  

p l a n e  t h r o u g h  x N t l .  

P r o o f :  

The d i c h o t o m y  { X t ~ { x N t l  1 ,  X - 1  i s  homogeneous ly  l i n e a r l y  s e p a r a b l e  i f  

and o n l y  i f  t h e r e  e x i s t s  w  s u c h  t h a t  

and ( x + , x -  { x ~ + ~ ) )  i s  homogeneous ly  l i n e a r l y  s e p a r a b l e  i f  and  o n l y  i f  

t h e r e  e x i s t s  w  s u c h  t h a t  

U s i n g  t h e  c o n n e c t e d n e s s  o f  t h e  open  s e t  { w  : w ' x  > 3 ,  i c x ' ;  
w . x  < 0, x  E X - )  o f  s e p a r a t i n g  v e c t o r s  f o r  { x + , x - )  and  t h e  c o n t . i n u i t y  

o f  t h e  i n n e r  p r o d u c t ,  we s e e  t h a t  E q s .  ( 8 )  a n d  ( 9 )  h o l d  i f  a n d  o n l y  i f  

t h e r e  e x i s t s  a  v e c t o r  8 E R~ s e p a r a t i n g  { x + , x - )  s u c h  t h a t  

Then t h e  h y p e r p l a n e  { v  : v.6 '  = 0 )  s e p a r a t e s  { x + , x - )  a n d  c o n t a i n s  t h e  

p o i n t  x N t l .  



Theorem 3".. L e t  X b e  a  s e t  o f  N v e c t o r s  i n  d - s p a c e ,  e v e r y  d 

o f  which  a r e  l i n e a r l y  i n d e p e n d e n t .  Then X h a s  C N , d  homogene- 

o u s l y  l i n e a r l y  s e p a r a b l e  d i c h o t o m i e s ,  where  C N r d  i s  g i v e n  i n  

E q .  ( 4 ) .  

Proof: 

L e t  C N B d  b e  t h e  number o f  homogeneous ly  l i n e a r l y  s e p a r a b l e  d i c h o t o -  

mies o f  t h e  s e t  X = { x 1 , x 2 ,  . . . ,  z N  E ! Z d ) .  C o n s i d e r  a  new p o i n t  x N t l  i n  

g e n e r a l  p o s i t i o n  w i t h  r e s p e c t  t o  X, and  c o n s i d e r  a  d i c h o t o m y  { X + , X - )  o f  

X ,  The new p o i n t  c a n  a l w a y s  be  j o i n e d  t o  a t  l e a s t  o n e  o f  t h e  e l e m e n t s  

o f  t h e  d i c h o t o m y  i n  o r d e r  t o  f o r m  a s e p a r a b l e  d i c h o t o m y  o f  { x 1 , x 2 ,  . .  . , 
x N , x N t l ) .  By t h e  lemma, x N t l  c a n  be j o i n e d  t o  e i t h e r  e l e m e n t  o f  t h e  

d i c h o t o m y  i f  and  o n l y  i f  t h e r e  e x i s t s  a  s e p a r a t i n g  v e c t o r  v f o r  { X + , X - )  

l y i n g  i n  t h e  ( d  - 1 ) - d i m e n s i o n a l  o r t h o g o n a l  s u b s p a c e  t o  x ~ + ~ .  T h e r e  a r e  

p r e c i s e l y  CNOdi l  homogeneous ly  l i n e a r l y  s e p a r a b l e  d i c h o t o m i e s  o f  t h e  p r o -  

j e c t i o n s  o f  X i n  t h i s  s u b s p a c e .  Hence 

H e p e a t e d  a p p l i c a t i o n  o f  E q .  ( 1 1 )  t o  t h e  t e r m s  on t h e  r i g h t  y i e l d s  

from which  t h e  t h e o r e m  f o l l o w s  i m m e d i a t e l y  upon n o t i n g  



I11 S E P A R A B I L I T Y  BY ARBITRARY S U R F A C E S  

A c l i a n g e  i n  p o i n t  o f  v i e w  w i l l  e n a b l e  11s t o  a p p l y  t h e  r e s u l t s  ( ) I '  

t h e  p r e v i o u s  s e c t i o n  t o  c l a s s e s  o f  s e p a r a t i n g  s u r f a c e s  w h i c h  a r e  gt ,o-  

m e t r i c a l l y  d i f f e r e n t  f r o m  h y p e r p l a n e s ,  b u t  a n a l y t i c a l l y  q u i t e  s i m i l a r .  

S u p p o s e  we a r e  g i v e n  a  f a m i l y  o f  s u r f a c e s  {@),  e a c h  o f  w h i c h  n a t u r a l l y  

d i v i d e s  a  g i v e n  s p a c e  i n t o  t w o  r e g i o n s  a n d  a  c o l l e c t i o n  o l  ,I' p o i n t s  i n  

t h i s  s p a c e ,  e a c h  o f  w h i c h  i s  a s s i g n e d  t o  o n e  o f  t w o  c l a s s e s ,  .it o r  . \-.  

T h i s  d i c l ~ o t o m y  o f  t h e  p o i n t s  i s  s a i d  t o  b e  s e p a r a b l e  r e l a t i v e  t o  {@I i P 

t h e r e  e x i s t s  a t  l e a s t  o n e  s u r f a c e  @ s u c h  t h a t  a l l  t h e  ,it p o i n t s  a r e  i l l  

o n e  r e g i o n  a n d  a l l  t h e  X -  p o i n t s  a r e  i n  t h e  o t h e r .  T h e  c r u c i a l  p r o p e r t v  

o f  t h e  f a m i l y  o f  s u r f a c e s  {@I ,  i n  o r d e r  t h a t  t h e  r e s u l t s  o f  t h e  p r e v i o u s  

s e c t i o n  a p p l y ,  i s  t h a t  {a) c a n  b e  p a r a m e t e r i z e d  i n  s u c h  a  way t h a t  {@) 

i s  l i n e a r  i n  i t s  p a r a m e t e r s .  H y p e r p l a n e s ,  h y p e r s p h e r e s ,  a n d  p o l y n o ~ ~ ~ i i i l  

s u r f a c e s  a r e  s p e c i a l  e x a m p l e s  o f  s u c h  f a m i l i e s .  

C o n s i d e r  t h e  s e t  o f  N o b j e c t s  X = { x l ,  . . . , x ).  We s h a l l  r e f e r  t o  
N 

t h e  e l e m e n t s  o f  X a s  p a t t e r n s  f o r  i n t u i t i v e  r e a s o n s .  T h e s e  p a t t e r n s  

n e e d  n o t  b e  c o n s i d e r e d  a s  v e c t o r s  i n  a  v e c t o r  s p a c e .  On e a c h  p a t t e r 1 1  

x E X a  s e t  o f  r e a l  v a l u e d  m e a s u r e m e n t  f u n c t i o n s  ( P ~ ,  c p 2 ,  . . . ,  ( P ~  c o ~ r ~ p r i s e s  

t h e  v e c t o r  o f  m e a s u r e m e n t s  

D e f i n i t i o n :  A d i c h o t o m y  ( b i n a r y  p a r t i t i o n )  { x ' ,  X - )  o f  X i s  

9 - s e p a r a b l e  i f  t h e r e  e x i s t s  a  v e c t o r  w s u c h  t h a t  

We s h a l l  c o u n t  { x ' ,  X - 1  a n d  { x - ,  A+) a s  d i s t i n c t  d i c h o t o m i e s .  We s e e  

t h a t  t h e  s e p a r a t i n g  s u r f a c e  i n  t h e  m e a s u r e m e n t  s p a c e  i s  t h e  h y p e r p l a n e  

w.9 = 0. T h e  i n v e r s e  i m a g e  o f  t h i s  h y p e r p l a n e  i s  t h e  s u r f a c e  

{ x  : W - Q ( X )  = 0 )  i n  t h e  p a t t e r n  s p a c e .  T h e  a d v a n t a g e  i n  t h i s  g e n e r a l  



f o r m u l a t i o n  o f  t h e  p r o b l e m  i s  t h a t  many i n t e r e s t i n g  n o n l i n e a r  s u r f a c e s  

i n  t h e  p a t t e r n  s p a c e  c a n  b e  mapped i n t o  h y p e r p l a n e s  i n  a n o t h e r  s p a c e  

w l ~ e r e  t h e  r e s u l t s  o f  t h e  p r e v i o u s  s e c t i o n  w i l l  a p p l y .  

D e f i n i t i o n :  L e t  t h e  v e c t o r - v a l u e d  m e a s u r e m e n t  f u n c t i o n  ($ b e  

d e f i n e d  on t h e  s e t  o f  p a t t e r n s  

T h e n ,  a  s e t  o f  p a t t e r n s  X i s  i n  q - g e n e r a l  o o s i t i o n  i f  t h e  

f o l l o w i n g  e q u i v a l e n t  c o n d i t i o n s  h o l d :  

( 1 )  E v e r y  d e l e m e n t  s u b s e t  o f  t h e  s e t  o f  d - d i m e n s i o n a l  

m e a s u r e m e n t  v e c t o r s  { v ( x l ) ,  . . . , q ( x N  ) i s  l i n e a r l y  

i n d e p e n d e n t .  

( 1 ' )  E v e r y  d x d  s u b m a t r i x  o f  t h e  N X d m a t r i x  @ 

h a s  a  n o n - z e r o  d e t e r m i n a n t .  

( 1 " )  NO d + 1 p a t t e r n s  l i e  o n  t h e  same c p - s u r f a c e  

{ x  : v ( x ) . w  = 0) i n  t h e  p a t t e r n  s p a c e .  

C l e a r l y  D e f i n i t i o n  1 '  i s  j u s t  a n  e x p l i c i t  a l g e b r a i c  s t a t e m e n t  

o f  D e f i n i t i o n  1. N o t e  t h a t  g e n e r a l  p o s i t i o n  i s  a  s t r e n g t h e n e d  r a n k  

c o n d i t i o n  o n  t h e  m a t r i x  4) ( Q  h a s  max ima l  r a n k  d i f  a t  l e a s t  o n e  d x d 

s u b m a t r i x  h a s  n o n z e r o  d e t e r m i n a n t ) .  D e f i n i t i o n  1". r e l a t e s  g e n e r a l  

p o s i t i o n  i n  t h e  m e a s u r e m e n t  s p a c e  t o  g e n e r a l  p o s i t i o n  i n  t h e  p a t t e r n  

s p a c e .  



7heorern  4 :  L e t  X = { x l ,  x 2 ,  . . . , x N )  be  i n  ~ - ~ e n e r a l  ~ o s i  t i o n  

w h e r e  ~ ( x )  = [ 9 1 ( ~ ) ,  g 2 ( x ) ,  .. . , Q d ( x ) l ,  t h e n  p r e c i s e l y  

CN, d 
o f  t h e  2 N  d i c h o t o m i e s  o f  X a r e  Q - s e p a r a b l e  where  

I f ,  i n  a d d i t i o n ,  t h e  9 - s u r f a c e  { x  : ~ ( x ) . w  = 0 )  i s  c o n s t r a i n e d  

t o  c o n t a i n  t h e  s e t  o f  p o i n t s  Y = { r l ,  y Z ,  . . . , y h ) ,  w h e r e  t h e  

p r o j e c t i o n  o f  q ( X )  i n t o  t h e  o r t h o g o n a l  s u b s p a c e  t o  Q ( Y )  i s  i n  

g e n e r a l  p o s i t i o n ,  and  Q(Y) i s  l i n e a r l y  i n d e p e n d e n t ,  t h e n  t h e r e  

a r e  CN,d-k  9 - s e p a r a b l e  d i c h o t o m i e s  o f  X .  

P r o o f :  ( u s i n g  Theorem 3 " )  

E v e r y  d - e l e m e n t  s u b s e t  o f  t h e  N v e c t o r s  9 ( x l ) ,  . . . ,  9 ( x N )  i s  

l i n e a r l y  i n d e p e n d e n t  by h y p o t h e s i s .  H e n c e ,  by Theorem 3 "  t h e r e  a r e  

p r e c i s e l y  C N a d  homogeneous ly  l i n e a r l y  s e p a r a b l e  d i c h o t o m i e s  o f  

{ c p ( x , ) ,  i = 1 2  . 1 .  By d e f i n i t i o n  t h e s e  d i c h o t o m i e s  c o r r e s p o n d  

t o  t h e  9 - s e p a r a b l e  d i c h o t o m i e s  o f  X. 

The c o n d i t i o n  t h a t  t h e  9 - s u r f a c e  c o n t a i n s  t h e  s e t  Y i s  t h a t  t h e  

w e i g h t  v e c t o r  w m u s t  l i e  i n  t h e  ( d  - k ) - d i m e n s i o n a l  s u b s p a c e  S w h e r e  

L e t  $ b e  t h e  p r o j e c t i o n  o f  Q o n t o  S. T h e n ,  s i n c e  

f o r  a l l  w i n  S, we s e e  t h a t  a  s e t  o f  v e c t o r s  ( 9 )  i s  s e p a r a b l e  by a  

w e i g h t  v e c t o r  i n  S i f  a n d  o n l y  i f  t h e  s e t  o f  t h e i r  ~ r o j e c t i o n s  ($) i s  
A A 

s e p a r a b l e .  S i n c e  t h e  v e c t o r s  $ ( x l  1 ,  . . . , 9 ( x N )  a r e  i n  9 - g e n e r a l  

p o s i t i o n  i n  S, t h e r e  a r e  C N , d - k  h o m o g e n e o u s l y  l i n e a r l y  s e p a r a b l e  

d i c h o t o m i e s  o f  { 9 ( x i )  ; i = 1 , 2 ,  . . . , N )  by a  v e c t o r  w i n  S .  

A n a t u r a l  g e n e r a l i z a t i o n  o f  l i n e a r  s e p a r a b i l i t y  i s  p o l y n o m i a l  

s e p a r a b i l i t y .  F o r  t h e  e n s u i n g  d i s c u s s i o n ,  c o n s i d e r  t h e  p a t t e r n s  t o  b e  

v e c t o r s  i n  a n  n - d i m e n s i o n a l  s p a c e .  T h e  m e a s u r e m e n t  f u n c t i o n  9 t h e n  maps 

p o i n t s  i n  n - s p a c e  i n t o  p o i n t s  i n  d - s p a c e .  



C o n s i d e r  a  n a t u r a l  c l a s s  o f  mappings  o b t a i n e d  by a d j o i n i n g  r - w i s e  

p r o d u c t s  o f  t h e  p a t t e r n  v e c t o r  c o o r d i n a t e s .  The n a t u r a l  s e p a r a t i n g  

s u r f a c e s  c o r r e s p o n d i n g  t o  s u c h  mappings  a r e  known a s  r t h  o r d e r  r a t i o n a l  

v a r i e t i e s .  A r a t i o n a l  v a r i e t y  o f  o r d e r  r  o b t a i n e d  i n  a  s p a c e  o f  m 

d i m e n s i o n s  i s  r e p r e s e n t e d  by a  homogeneous e q u a t i o n  i n  t h e  c o o r d i n a t e s  

( x ) ~  o f  t h e  r t h  d e g r e e .  

where  ( x ) ~  i s  t h e  i t h  component  o f  x i n  R m  a n d  ( x ) ~  = 1 i n  o r d e r  t o  

wr i t e  t h e  e x p r e s s i o n  i n  homogeneous form. A s i m p l e  c o u n t i n g  a r g u m e n t  

g i v e s  t h e  number o f  c o e f f i c i e n t s  F:') i n  Eq. ( 2 0 )  a s  

We remark  t h a t ,  s i n c e  t h e  s u r f a c e  r e p r e s e n t e d  by t h e  c o e f f i c i e n t s  i s  

i n d e p e n d e n t  o f  a c h a n g e  o f  s c a l e  i n  t h e  c o e f f i c i e n t s ,  t h e r e  a r e  r e a l l y  

o n l y  F ! ' )  - 1 i n d e p e n d e n t  c o e f f i c i e n t s  i n  Eq. ( 2 0 ) .  The q u a n t i t y  

F : ' )  - 1 i s  known i n  c l a s s i c a l  g e o m e t r y  a s  t h e  number o f  d e g r e e s  o f  

f r e e d o m  o f  t h e  s u r f a c e .  

F i r s t  o r d e r  r a t i o n a l  v a r i e t i e s  a r e  h y p e r p l a n e s  a n d  s e c o n d - o r d e r  

r a t i o n a l  v a r i e t i e s  a r e  q u a d r i c s .  H y p e r s p h e r e s  a r e  q u a d r i c s  w i t h  c e r t a i n  

l i n e a r  c o n s t r a i n t s  on t h e  c o e f f i c i e n t s .  
( r )  

I n  Theorem 4 ,  t h e  mapping .: R m  - R~~ d e f i n e d  by 

y i e l d s  t h e  f o l l o w i n g  r e s u l t :  A s e t  o f  N p o i n t s  i n  m - s p a c e ,  s u c h  t h a t  n o  

F!' ) p o i n t s  l i e  on t h e  same r t h - o r d e r  r a t i o n a l  v a r i e t y ,  h a s  p r e c i s e l y  C ( ,  ) N. F, 
d i c h o t o m i e s  which  a r e  s e p a r a b l e  by a n  r t h - o r d e r  r a t i o n a l  v a r i e t y .  I f  

t h e  v a r i e t y  i s  c o n s t r a i n e d  t o  c o n t a i n  k p o i n t s ,  t h e  number o f  s e p a r a b l e  

d i c h o t o m i e s  i s  r e d u c e d  t o  C 
N ,  ~ ! ~ ) - k '  

~ o f o r d ~  h a s  o b s e r v e d  t h a t  a u g m e n t i n g  t h e  v e c t o r  x  E lId t o  y i e l d  

a  v e c t o r  ~ ( x )  a s  i n  Eq. ( 2 2 )  i s  e s p e c i a l l y  e a s y  t o  i m p l e m e n t  when t h e  

c o e f f i c i e n t s  a r e  b i n a r y .  ~ i s h o ~ ~ O h a s  e x h a u s t i v e l y  f o u n d  t h e  number 

q m  o f  q u a d r i c a l l y  s e p a r a b l e  t r u t h  f u n c t i o n s  o f  m a r g u m e n t s  f o r  low m. 



From t h e  f o r e g o i n g  i t  c a n  be  s e e n  t h a t  9. i s  bounded a b o v e  by 
1 

I 

I n  a d d i t i o n ,  ~ o f o r d ~  n o t e s  t h a t  i f  t h e  augmented  v e c t o r  ~ ( x )  i s  u s e d  1 - 

a s  an i n p u t  t o  a  l i n e a r  t h r e s h o l d  d e v i c e  ( a s  i n  F i g .  21 ,  t h e n  t h e  s t a n d a r d  1 .  
t r a i n i n g  p r o c e d u r e  w i l l  c o n v e r g e ,  l1 ( b y  t h e  P e r c e p t r o n  c o n v e r g e n c e  t h e o r e m )  

i n  a  f i n i t e  number o f  s t e p s  t o  a  s e p a r a t i n g  q - s u r f a c e  i f  o n e  e x i s t s .  

T a b l e  1 l i s t s  s e v e r a l  e x a m p l e s  o f  f a m i l i e s o f  s e p a r a t i n g  s u r f a c e s .  

A l l  p a t t e r n s  x  s h o u l d  be  c o n s i d e r e d  a s  v e c t o r s  i n  an m - d i m e n s i o n a l  s p a c e .  

The f u n c t i o n  ~ ( x )  = (1, x )  i s  a  (m + 1 ) - d i m e n s i o n a l  v e c t o r .  , . 
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IV RANDOM PA'ITERNS, CAPACITY 

Suppose that the patterns X = !xl, x2, . , , , xN) are chosen independ- 
ently according to a probability measure p on the pattern space. How 

many dichotomies of X are 9-separable? Clearly, the results of the previous 

section will apply if X is in 9-general position. Now X is in @-general 

position with probability one if and only if every q-surface 

{X : W*Q(X) = 0) has p measure zero. 

Suppose that a dichotomy of X is chosen at random from the 2 V  equi- 

probable possible dichotomies of X .  What is the probability PNnd that this 
dichotomy is 9-separable? If X is in 9-general position with probability 

one, then with probability one there are CNnd 9-separable dichotomies. 

Thus 

Note that Theorem 1 now follows from the above with the identification 

V(X) = X. The necessary and sufficient conditions on the measure p de- 

fined on the unit d-sphere, for Theorem 1 to hold are the following: 

( 1 )  The p measure of any subspace is zero. 

(2) p is radially symmetric, i . e . ,  

Condition (2) is necessary in order that the probability (cocditioned on X )  

that a random dichotomy of X be separable is equal to the unconditional 

probability that a particular dichotomy of X (all N points in one hemi- 
sphere) be separable. 

Let {xl, x2, . .  . be a sequence of random patterns as above and de- 

fine the random variable N to be the largest integer such that 
{xl, x2, . . . , xN) is 9-separable. From Eq. ( 2 4 )  we determine the proba- 
bility density of N 



which is just the negative binomial distribution (shifted d units right) 

with parameters d and 1/2). Thus N corresponds to the waiting time for 

the dth failure in a series of tosses with a fair coin, and 

Median ( N )  = 2d . 

The asymptotic probability that N patterns are separable in 
d N/2 + ( a / 2 ) 0  dimensions is 

where @(u) is the cumulative normal distribution 

In addition, for E > 0 , 

These resu1t.s confirm the conjecture by ~oford' that E [ N ]  = 2d, and 

suggest that 2d is a natural definition of the separating capacity of a 

family of surfaces that is linear in d parameters. Thus a linear 

threshold device can be said to have a separating capacity of 2 patterns 

per variable weight. 



' V GENERALIZATION 

I t  i s  g e n e r a l l y  b e l i e v e d  t h a t  a f t e r  a  " l a r g e  number" o f  t r a i n i n g  

p a t t e r n s  t h e  s t a t e  o f  a  l i n e a r  t h r e s h o l d  d e v i c e  i s  s u f f i c i e ~ i t i y  c o n -  

s t r a i n e d  t o  y i e l d  a n  unambiguous r e s p o n s e  t o  a  netw p a t t e r n .  U'e - h a l l  

show i n  t h i s  s e c t i o n  t h a t  t h i s  i n t u i t i o n  i s  m i s l e a d i n g  i n  t,hz c a s e  o f ,  , - 

random a s s i g n m e n t s .  P h y s i c a l  c s n s i d e r a t i o n s  s u c h  a s  b ~ n c h r n ~  a c c o r d i n g  - 
t o  c a t e g o r y ,  and  e f f e c t s  o f  t r a i n i n g  a l g o r i t h t i l s  which t e n d  t o ! i o e a t e ! t t r e  

s e p a r a t i n g  h y p e r p l a n e  i n  t h e  m i d d l e  o f  t h e  r e g i o n  be tween  t h e  two cat'& 

g o r i e s  a r e  n o t  c o n s i d e r e d  i n  t h i s  r e p o r t .  

C o n s i d e r  a  s e t  of  N p a t t e r n s  X = { x l , x 2 ,  . . . ,  x N )  i n  d - s p a c e ,  which 

we s h a l l  c a l l  t h e  t r a i n i n g  s e t .  L e t  { x + , x - )  be  a  l i n e a r l y  s e p a r a b l e  

d i c h o t o m y  o f  X. Note  t h a t  we a r e  s p e a k i n g  o f  l i n e a r l y  s e p a r a b l e  r a t h e r  

t h a n  homogeneous ly  l i n e a r l y  s e p a r a b l e  d i c h o t o m i e s  i n  t h i s  s e c ~ i o n .  A 

new v e c t o r  y i s  g i v e n .  On what  b a s i s  may y be  a s s i g n e d  u n a m b i g u o u s l y  t o  

X+ o r  X-? 

The c l a s s i f i c a t i o n  o f  a  v e c t o r  y w i t h  r e s p e c t  t o  t h e  p a r t i t i o n  

{x+,x-1 i s  s a i d  t o  be ambiguous i f ,  among t h e  c l a s s  o f  h y p e r p l a n e s  s e p a r -  
' I \  . 

a t i n g  X+ and  X-, t h e r e  e x i s t s  a  h y p e r p l a n e  i n d u c i n g  t h e  d i c h o t o m y  

{XtU{y),X-) a n d  a n o t h e r  h y p e r p l a n e  i n d u c i n g  t h e  d icho tomy {x+,x-U{y)). 
We make t h e  r e a s o n a b l e  d e f i n i t i o n  t h a t  y i s  ambiguous  w i t h  r e s p e c t  t o  

{x+,x-1 i f  {x+,x-) is  n o t  l i n e a r l y  s e p a r a b l e .  I n  F i g .  3 ,  f o l  e x a m p l e ,  

FIG. 3 GENERALIZATION 
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points y l  and y 3  are unambiguously classifiable into sets X +  and X -  

respectively, while point y 2  has an ambiguous classification because lines 

8,  and g2 separate { x + ,  X - )  but yield opposite classifications for y 2 .  

Note that the results of previous sections apply to generalization 

with respect to more general classes of surfaces if a proper mapping 

(p : X  + ! i d  is made. 

Proposition I .  Let = { x l , x 2 ,  . . . , x N ,  y )  be in general position 

in d-space. Let each of the linearly separable dichotomies of X  have 

equal probability. Then the probability F N J d  that y  is ambiguous with 

respect to a dichotomy of X  is 

Proposition 1 will follow from Proposition 2. 

Proposition 2. Let X U { y )  = { x 1 , x 2 ,  . . . , x N , y )  be in general position in 

d-space. Then y has an ambiguous classification with respect to C N S d  
dichotomies of X .  

Proof: 

From the lemma of Section 2, the point y is ambiguous with respect 
to { x + , x - )  if and only if there exists a hyperplane containing y  which 

separates { x ' , x - 1 .  The proposition follows immediately from Theorem 4, 

where ~ ( x )  = ( 1 , ~ )  and the separating vector w is constrained by 

Proposition 1 follows upon noting that there are C N , d + l  linearly separable 

dichotomies, by application of Theorem 4 with ~ ( x )  = (1,~). 



C o n s i d e r  t h e  b e h a v i o r  of  F N a d  

f o r  N >> d ,  

f o r  N = 2d ,  , 

l i m  F = 1  
d - a  2 d ,  d ( . {  3 )  

and  f o r  N 5 d ,  

' I 

F o r  l a r g e  d i m e n s i o n  d ,  a  p l o t  o f  t h e  p r o b a b ; l l t y  F N S d  t h a t  a  n e d  p a t t e r n  

w i l l  be  c l a s s i f i e d  a m b i g u o u s l y  w i t h  r e s p e c t  t o  a  random d l c l ~ o ~ o m y  0 1  t h v  
( I 

t r a i n i n g  s e t  h a s  t h e  form shown i n  F i g .  4 .  

I 1 I I I 
0 I 2 3 4 5 6 7 

TRAINING PATTERNS PER DIMENSION - N d 

FIG. 4 PROBABILI.TY OF AMBIGUITY IN GENERAL IZATION 

Note  t h e  r e l a t i v e l y  l a r g e  number o f  t r a i n i n g  p a t t e r n s  r e q u i r e d  f o r  - .  

unambiguous  g e n e r a l i z a t i o n .  Compare F i g .  4 t o  F i g  5 ,  where  we s e e  t h a t  
43. t h e  p r o b a b i l i t y  o f  ambiguous  r e s p o n s e  r e m a i n s  h i g h  e v e n  a f t e r  t h e  p r o h a -  

b i l i t y  o f  a  c o n s i s t e n t  t r a i n i n g  s e t  t e n d s  t o w a r d  z e r o .  



PATTERNS PER DIMENSION 
Y 

d 

FIG. 5 TRAINING CAPACITY 

I n  t h e  e v e n t  t h a t  t h e  p a t t e r n s  t h e m a e l v e r  a r e  randomly d i s t r i b u t e d ,  

we remark t h a t  t h e  commentr made i n  S e c t i o n  IV c o n c e r n i n g  randomly d i s -  

t r i b u t e d  p a t t e r n s  and random d i c h o t o m i e s  o f  t h e  p a t t e r n  s e t  a p p l y  i n  

f u l l  t o  t h i s  s e c t i o n .  The c r u c i a l  c o n d i t i o n  i s  t h a t  t h e  p a t t e r n  s e t  be 

i n  g e n e r a l  p o a i t i o n  w i t h  p r o b a b i l i t y  one .  
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