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Abstract: An elmﬁentary cutline of the theorem-proving approach to
automatic program synthesis is given, without dwelling on technical
details. The method is illustrated by the automatic construction of
beoth recursive and iterative programs operating on natural numbers,
lists, and trees.

In order to construct a program satisfying certain'specifications,
a theorem induced by those specificaltions is proved, and the desired
program 1s extracted from the proof. The same technique is applied
to transTorm recursively defined functions into iterative programs,
Trequently with a major gain in efficiency.

It is emphasized that in order to construct a program with loops
or with recursion, the principle of mathematical induction must be
applied. The relation between the version of the induction rule used

and the form of the program constructed is explored in some detail.
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1. INTRODUCTTON

It is often easier Lo describe what a computation does 1han it is to
define it explicitly. Thatl is, we may be able to write down the relation
between the inpul and the output variables easily, even when it is difficult
to construct a program to satisfy that relation. A program synthesizer is a
system thalt takes such a relational description and {ries to produce a
program that is gnaranteed to satisfy the relationship,- and therefore does
not reguire debugging or verification.

On a more limited scale we can envision an automatic debugging system
ithat corrects programs written by humans instead of mercly verifying them.
We can further imagine clever compilers and optiminers that understand the
operation of the prosrams they manipulale and that can transform them
intelligently.

Some program synihesisers have already been writien, including the
Heuristic Compiler (Simon [1003]), DEDUCOM (Slagle [190%]1). QA% (Green
[1909a], [lQGQbJ),.and PROW (Waldinger and Lee [1909] and Waldinger (19497} .
The laslt three of these systems use a theorem-proving approach: in order
to construet a propram sabtisfying a certain input-oubput relation, the
system proves a theorem induced by this relation and extracts the program
directly from the proof. All three used the resolution principle of
Robinson [1965]. However, these systems have been fairly limited; for
example, they either have been completely unable to produce programs with
loops, or they introduced loops by underhanded methods.

When a theoran—ﬁroving approach is used in program synthesis, the
introduction of loops into the extracted proﬁram is‘closely reiated 4o the
use of the principle of malhematical izduction in the corresponding proof.

The induction principle presented special problems to the earlier program-



synthesis systems, problems which limited their ability to produce

loop programs. These problems are discussed in this paper. We propose
to use a variety of different versions of the induction rule, each of
which applies to a particular data structure, and each of which induces
a different form in tlhe extracted program. The data structures treated
~are the natural numbers, lists, and trees.

We do not rely on any specific mechanical theorem-proving technigques
here, both because we do not wish to restrict our class of readers to
those familiar with, say, the resclution principle, and because we believe
the approach to be more general and not dependent on one particular
theorem-proving method. We give a large number of examples of programs,
with the corresponding theorems and proofs used in their synthesis. The
proof's we give are informal and in the style of a mathematics textbook.
Some of then have been achieved by such systems as PROW and QA5; others
we believe to e beyond the powers of existing asutomatic theorem provers,
but none are unreasonably difficult, and we hope that the designers of
theorem-proving systems will accept them as a challenge.

Section 2 gives the flavor of the approach illustrated by three
examples. In that section we do. not prove the induced thecrems, and we
present the constructed programs without describing the extraction process.
In Section 5 we demonstrate {the extraction process with complete examples
o’ the synthesis of two programs without loops. We choose loop-free programs
for these examples so as to postpone discuséion of the principle of
mathematical induction.

The heart of ihe paper is contained in Section l, with the presentation

of the induction principles and their corresponding iterative or recursive



program Torms. One of the examples in this secltion gives details of the
‘ proof and program extraction process. Section 5 demonstrates a more
general rule, the complete induction principle. Section § suggests
applying program-synthesis techniques to translaie recursive programs
into iterative programs, and presents two examples, in which a striking
pain in efficiency was achieved. Tinally, in Section T we suggess

Turther research in ihiis field.
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2. GENERAL DISCUSSION

We define the problem of automatic program synthesis as follows:

given an input predicate @(X) and an output predicate V¥(x,z) ,

construct a program compubing a partial function =z = f(x) such that

if _i is an input vector satisfying ©(x) , then f(x) is defined and
V(x,f(x)) is true. In short, the predicates @(x) and w(i,éj prévide
the specifications for ithe program to be written.

In order to construct such a program, we prove the theorem

() [9(X) > (72)v(%,3) ]
The desired program is then implicil. in the proof that the output
vector 2 exisis. The theorem prover must be restricted to show the
existence of =z constructively, sc that the appropriate program can be
extracted from the proof automatically.

Frequently, @(x) is identically true; i.e., we are interested in
the performance of the program for cvery input x . Then the theorem to
be proved is simply

(¥x) [T = (Fz)w(x,2) ],
or equivalently.
(V%) (¥2) ¥ (x, z)
In such cases we shall neglect o mention the input predicate.

Lel us rirst illustrate the flavor of this idea with three examples:

(i) The constbruction of an ilerative program to compute the guotient
and the remainder of two natwral numbers;
(i1) The translation of a LISF recursive program f{or reversing the
vop-level elements of a list into an eguivalent ILISP idterative

program;



{i73) ‘The construction of a recursive program for inding tlie maximum

among the terminal necdes in a binary tree with integer terminals.

In each case we give the specifications for the program, the
induced theorem, and the automatically synthesized program, without
introducing the proofs of the theorems or the extraction of the
programs from the proofs. Such details will be given in the examples
of our later sections.

In our examples we express our input and output predicates in a
modified predicate calculus languagé. lowever, this is not essential

to the method; any languapge for describing relations may be used.

Fxample 1: Construction of an iterative division program.
We wish to construct an iterative program to compute the integer
quotient and the remainder of two natural numbers Xq and X5 where

X, £ 0 . The program should set the output variable Zq to be the

quotient of =z divided by x

1 and the output variable Z, 1o be

? 2
the corresponding remainder.

Thus, x = X 5%, and z - IEEPEE Since we are nct interested

in the program's perfornance for x, = 0 , our inpul predicate is
e(x) :x, £0
The output predicate is

v{x,z) t(xg = zl~x2+ze) A (2, < X,

The theorem induced is then

('\:rxl)(“f}:,a){);:3 £ 0 :»(Ezl)(ﬁzg)[(xl = zl-x2+ze) A (z2 <x,011 .

The program synthesizer proves the theorem, and a program such as that

A



illustrated in Figure 1 is extracted from the proof.:/

START

h

(le 5-2) & (OJX:L)

(zl} Zg) — (le yz)

(:V“J ) :Y'«‘E ) N ( yl.l‘ l} -.YQ _:{.:2

Fignre 1: A division program

We have assumed that certain symbols, including the "minus" operator
and the "less than" predicate, for instance, exist in our progranming language;
therefore, these cperaltors are said to be Erimitive; However, if the use of

~the "minus" operator or the "less than" predicate is not permitted in the

lanyuage (i.e., if they are non-primitive), the above program is illegal.

This sugpgests that the user must always specify a list of primitive
operators, predicates, and constants that the derived program may use. 1,
Tor example, we allow our system to use the constant "0V , the "successor"
and "predecessor" operators, and the "equality" predicate, but not the
"minus" operator or the "less than" operator, the program illustrated in
Fisgnre 2 might be constructed.

Henceflorth, we shall assume all commonly used symbols are primitive

unless we make explicit mention to the contrary.

.x.
—7 Statements in which n-tuples of terms are assigned to n-tuples of
variables represent simultaneous replacements. For example,
(yl,yn) e—(yl+l,yﬂ-xg means that ¥y is replaced by yl+l and vy,
by ¥~-X, simultaneously.
(;



(Yla YE: YB) « (0, O,Xl)

¥q ¢ if Yo ® xp—l then yl-Pl else Vel

Y e it Yo = _x:g—l then O else y2+l

Y‘:; e y':!_l

T

Pigure 2: Another division program

Ixample 2: Translation of a recursive reverse program into an iterative
program.

We wish to translate a ILISP recursive program for reversing the
top-level elements of a list into an eguivalent LISP iterative program.
For example, if x is the 1list (a b (c d) e) , then its reverse is
(e (¢ d) ba).

llere, X = X , % =z and since we want the program to work on
all lists, @(x) is T . The output predicate will be

¥{x,z) : z = reverse(x)

vhere reverse is defined by the recursive program (see.McCarbhy [19621):

(ZlJ 32) « (Yl:ye)



reversé(y) <= 41 Null(y) then NIT,

else append(reverse(cdr(y)),list(car(y))) .

The funection aQPend(yl,yé) concatenates the two lists ¥y and Vo
For example, if ¥, is the list (a b (¢ d)) and ¥, 1is the list (e) ,
then aggend(yl,yg) is the list (a b (¢ @) e) .
Thusg, the theorem to be proved is
(vx) (z) [z = reverse(x)] .
The above theorem has a trivial proof, taking z to be reverse(x)
itsell. ‘{herefore ouwr program synthesizer might construcet the following

wsatisfactory progrom

%« reverse(x)

HALT

This introduces the problem of primitivity again. '[The reverse
Tunction should not be considered as a primitive in the programming
language in this specific task because we clearly do not want reverse to
occuyr in our iterative prbgran. Henceforth, we shall assume that the
name of the program o be constructed is never primitive.

I{ we allow our svsbem to use the constant NIL, Lthe operators

car. ¢dr, and cons, and the predicate Null as primitives, the program

1llustrated in Fipure 5 wmight be constructed.



(-yl} -YE) — (XJ NIL)

(y15¥,) « (edr(yy),cons(car(y,),vy,))

Tigure 3: The reverse program

Note that the computation of the‘derived iterative program consumes
less time and space than the computation of fhe given recursive program.
This is not only because of the stacking mechaniSm necessary in general
to inmplement recursive calls, but also because the repeated use of the
append funclbion during exceutieon of Lhe recursive program introduces

redundancy in the computation.

Lxample Z: Construeltion ol a recursive maxtree program.
We wish to construct a recursive program for finding the maximum

among the terminal nodes in & binary tree with integer terminals. We

shall introduce a special language called TREE Tor manipulating binary trees.
The primitives allowed in our TREE language are Tthe operators

(a) left(y} : +the left subtree of the tree vy ,

(b} right{y) : +the right sublree of the tree ¥y ,

9



and the predicate

(¢} Atom{y) : is the tree ¥y a single intoger?

YPor example, if y 1s bLhe binary tree , theén

1

3
left{y) is //A\\ ,» right(y) is 2, Atom(y) dis T , and
4eil ) rignv Hu0m

Y

Atom{richt(y)) is T .

[
|
N

Let % = x , , @(x}) be T , and the output predicate be

W(x,z): Terminal(z,x) A (Yu)l Terminal(u,x) D u < z] ,

where Ebrminal(yl,yq) ‘means that the integer vy occurs as a terminal

in the tree ¥, . The output predicate says that the integer =z is a

terminal of the tree x not less than any other temminal node of X .

Thus, the thecrem Lo We proved is
(¥x) (92) { Terminal(z,x) A (Vu)[Terminal(u,x) > u < z]} .

If we allow the max operator over the integers,

max(yw,yh) : the maximum of the integers ¥y and Vo s

to ve used as a primitive, the recursive program produced might be

z = maxtree(x) where

maxtree(y) <= if Alom(y) then y

else max(maxtree(lefi(y)),maxtree(right(y))) -

IT we do not allow the max operator to be used as a primitive but allow

the predicate "less than or egual to", the program produced might be

rz

= maxtree(x) where

maxtree(y) <= if Atom(y) then y

else if maxtree(left(y)) < maxtree(right(y))

then maxtree(right (y))

else maxtree(left(y)) .




Note that although the symbol maxtfee, the name of the program, is
not primitive, it may be used as a dummy function name in the recursive

definitions. Any other function name could have been used instead.

We feel that at this point we should clarify the role of the input
predicate. Compare the following program writing tasks: in the first,
the input predicate is (%) and the ontput predicate is V¥(x,z) ,
while in 1he second, the input predicate is @'(x) : T and the output
predicate is y'.(%,2) : 9(X) D ¥(X,z) . In the first task we do not care
how the synthesized program behaves if the input x does not satisfy
m(ﬁ) . In the second case we insist thal the program terminates even
if x does not satisfy @(x) , but we still do not care what the value
of the output is.

The theorems induced are:

and

(vx) (v2) [o(x) = ¥(x,2) ] 5
respectively. Surprisingly enoush these theorems are logically equivalent,
even though they represent distincel tasks. This suggests that the program
extractor must make use of the input predicate in the process of synthesizing
the program.

Suppose, for instance, that in constructing our iteralive division

program (cf. Txample 1) we had given the system the input predicate

Yr{x) : 7
and the ocutput predicate

U (x,z) X, oo (x, = z“-xg+zg) A (22 < xg) .

11



The theorem induced in thig case would be
% g ne = .
(vxl)(fxe)(‘""l) (a.ﬁg) [J':2 £0> (xl 2 x2+22) A (22 < xg)] s
which is logically equivalent to the theorem

[t

(“?'Xl) ('f){?-) {Xp }/: 0= (Fle)(’!iz?)[(x] = Zl‘}CO‘l'ZE} A (22 < }:2}]_} -

llowever, the program extracted from the first theorem (Figure 4} halts
for every natural number input, whereas the program extracted from the

second theorem (Figure 1) does not halt when X, is 0O

[2e

(2,7,) « (ryo,) s HALE D

(v0¥,) & (P 1oy,%,

Mgure 4: Another division progranm

[ (Zl’ 2,) « {arbitrary values)



. CONSTRUCTICN O LOOP-TREE FROURAMS

A

We would like first to illustrate with two examples the extraction
of a program from a proof. The programs we will construct are especially
simple since they have no loops. The program exiraction process in this
case may be roughly described as follows: substitutions into the output
variables in fhe proof result in assigmment statements in iterative programs
and operator composition in recursive prograus. Case‘analysis arguments
in the proof result in conditional branching in both iterative and recursive

programs.

Example k: Reversing a two-elemeni list.

Ve wish to construct & LISP program thal takes as input a list of
two elements, and produces as output the same list with the elements
reversed.

Thus, the output predicate is

V(x,z) :(Hul)(Vug)[x = ;igg(ul,ug) Dz o= }igﬁ(ug,ul)] s
and the theorem toc be proved is

(vx)(ﬁ;z){(tml) (‘;"112)[}: = @(ul,ug) Doz @(ue,ul) 11 .
We assume thalt any system used Lo prove this theorem has a large supply
ol Tacts aboul the dabta structure and the programming language to be used,
stored in the form of axioms and rules of inference. We zssume in
particular that the rules of inference stored within the system can handle
deductions of the first-order predicabe calculus with eguality such as

those we use in the proof below.

1%



During the process of proving the azbove theorem, the system will
eventually choose the following axioms:

1. car(List(wv)) - u

2. cdr(list(u,v}} = list(v) , and

4. append(list(u),list(v)} = list(u,v) .

Note thal the operator list takes a variable number of arguments.
The preoof will proceed as follows: Suppose X =_list(ul,u2) Tor

some arbitrary g and u, - Then by Axioms 1 and 2, respectively,

L, car(x) = u, , and

5. cdr(x) = 1ist(u2) .
Trom k we have

0. list(car(x)) = list(ul)

Then combining 5 and G uwsing Axiom », we obtain

7. append(cdr(x),list(car(x)}) = list(uq,ui)

Letting = be append(cdr(x),list{car(x))) , we obtain

—~.
e

e list(ug,ul) 5

which 1s lthe desired conclusion.
Now, in order to extract the program, we keep track of the
substitutions made for 2z during the preoof. In the above prool we have

replaced = by append(cdr{x),list(car(x))) ; therefore, the desired

program is simply

~

=« append(ecdr(x),list (car(x)))

HALT .

14



Example 5: The max of two numbers.

The program constructed in this example contains a conditional
brancly but no loops. We wish to find the maximum of two given integers.
Thus, the outpuf predicate is

w(xl,xo,z) :(z = X Ve = x?) Az >X AL >N,
and the corresponding theorem is

/'\zz-x

(Vxl)(ﬁxg)(ﬁz)[(z =X, V5 = XE) Az >X 5]

1
The proof proceeds by case analysis; it may appear poorly motivated,
but it is well within the capacity of existing theorem-proving programs.

Translating the theorem intc disjunctive normal form, we have
)l {z = x z > > %= c ‘ .
(Vxl)(Vxe)(L M { X, Az >X Az :-xg) v ( X, Az >x Az > xg)]

If we assume (u = v) D (u > v) as an axiom, we can simplify the above formula to

(72 ) (vx,) (42) ({2 = x) A 2 2%) v (2 = x5, A 5 >x)]
Hlow suppose Xy > x., ; then if we let z be X s the first disjunct
is satisfied. On the other hand, suppose ¥, < X, 3 then if we let =z ©be x2 s

the second disjunct is satisfied.
Since the substitubtion we made for =z depends on whether or not Xq
the program extracted from the proof

was grealer than or egual to %, ,
[

of the theorem 1s
START

> x,, then x
- Fal

z « 1T x

else X
2

1 1

15



The reader who is unsatisfied with our seat-of-thie-pants description
of the program extraction process may examine any of the more rigorous
accounts in the literature (e.g. Creen [19(9a] [15069b], Waldinger and
Lee [1969], Wal&inger'[1969], and Iuckham and Nilsson [1970]).

The above programs are clearly of limited interest since‘neither
contains a loop. In order to construct a program with loops, application
of some version of the principle of mathematical induction is‘necessary.
Therefore, in the next section we digress into a discussion of the

induction principle.



L. THE INDUCTICN PRINCIPLE

The induction principlé is most commonly associated with proving
theorems about the natural numbers, but analogues of it apply to other
data structures, such as lists, trees, and strings. Furthermore, for each
data structure there are many equivalent forms of the principle.
Mathematicians use whichever version is most convenient. Similarly, the
theorem prover‘chooses an appropriate induction prineiple from a given
supply during the course of the proof'. This choice directly determines
the form of the program to be constructed, since each induction rule has
an associated program form stored with it. Therefore, if we want to
restrict the form of the extracted program, we must limit the set of

available induction principles accordingly.

4.1 Hatural numbers

We shall discuss four versions of the induction principle for the
natural numbers; two will be appropriate for writing recursive programs
and two for writing iterative programs. In each class{ one rule wilil be
called a "going-up" vrinciple and the obther a "going-down" principle.

We will illustrate each of these with a difierent version of the factorial
program. The output predicate is

Y(x,2z) : = = factorial(x)
where

Tfactorial(y) <= if y = 0 then 1 else y-factorial{y-1) .

This example will illustrate clearly the difference between the programs

generated by using "going-up! induction and "roing-down™ induction: i{he

17



"eoing-up" programs compute %! in the order L, 1:2 , 1:2-3 ,...,
while the "going-dowvn" programs compute = , x-(x-1) , x-(x-1)-(x-2) ,...
The proofls required for the synthe;is ol the programs use Lwo
axioms induced by the above definition:

factorial(0) = 1
and

1w > 0D [factorial(w) = u-factorial(u-1)] .

We will not include those proofs, but mereiy will give the programs
extracted, in order to illustrate the relationship between the form-of
the induction principle used in the proof and the form of the constructed

progran,

(a) Iterative poing-up induction

The reader is probably familiar with the most commnon version of
The induetion principle over the natural numbers,
a(0)

(¥, @) © @y #2) ]

(vx)a(x) .
Intuwitively, this weans thal i a property & holds for O and if

whenever it holds for v it holds Tor xﬁl,'UmnithdﬂsfM‘MEw“

1

natural number X . We ecall this version iterative poing-up induction.

I'or our purpose we use & special Torm of the principle in which
d(yi) is (ﬂyﬁ)ﬁ{yl,yg) , where (3 still represents an unspeciried

property. The induciion principle now becomes

18



(5{3’2) -'9(0) '.‘fg)

(T ) [Ty ) By v,) = (S By +1y,) ]

(¥x) (By,) BO0v,)

The program form asscciabted with this rule is illustrated in Figure 5.
IT the theorem to be proved happens to be of the Torm
(vx) () B(x,s)

and if going-up induetion is applied, the program extractor then knows

that the program muest be of the form illustrated in ¥Migure 5.

START

{&rlJ ;rr__\) - (OJ 8..)

—

v+ L (v 3*"3) )

l

Figare 5: TITterabive "going-up" program form

The constant & and the funclion g(yl,yﬁ) are unspecified in

. L
the above form. The task of the program constructor is now to write
subroutines to conpute 2 and ¢ in sueh a way that the program of

Timmre Y will satisty the desired relalion. This dis done as follows.

19



The theorem to be proved is of the form (¥x)(Fz)B3(x,z) . This
is precisely the form of the consequent of the induction principle.
Therefore, if we can prove the two antecedents, then we are done. This

suggests that we attempt to prove the two lemmas:

(A) ("'—’[y?)ﬁ(o."y;"}) y)
and
(B) ‘ (V-Vl) [ (3};:?)8(:{_1_) }’2) e (H:V:?)B(yl-“-ll }rﬂ) :I 2

or equivalenlly, transloating into prenex normal form,

. X B
(8") (¥yy) (9y,) () [B(v 5 v,) = Bly Ly, ]

The proof of Lemma A generates a subroutine with no variables

satisfying BZ(C,y,) - This is the

that vyields a value for Vo

desired definition of the constant a ; hence
(1) ~(0,8) is Lrue.

The proof of ILenma B' generales another subroutine which yields

X

a value of' wv_ in terms of and y,, . This subroutine provides
£ o

Yy

a definition of g(yj,yg) gatisTying

i

(2) Blysvy) 2By Lalysy,))  for all vy and vy,
The preof of the Llemmas concludes the proof of the theorem.

(¥x) (2)RA{x,2} . Ve lhave now completely specified a projram that

computes a function 2z = £(x) satisfying B(x,f(x)) for all values of x

For the suspicilous reader we are ready to verify the above assertion.

Consider lhe iterative "going-up' program form labeled as in Figure 6.

20



SLARY

(V0¥n) = (rv L e{ysvs))

Fifure O: Labeled iterative 'going-up' program form

We will use Floyd's approach [1967] and show that whenever control passes
through arc « , @(yl,yg) is true for the current values of ¥y and Vo -
Furthermore, whenever control passes through arc § , Alx,z) is true

for the initial value of x and the final value of =z .

Beginning at the START node, we set yl to 0 and Yo to a ,
and so when we pass 1Lhroush are « , B(yl,yﬁ) {i.e., p(0,a) )

is true by (1).
Now suppose that at some point in the execulion, control is passing UThrough
are ¢ and cwrrently EKyJ,yQ) is true and y, £ x . 'Then, by (2)
(") B(yl+l,g(yl,y2)) is true.
Traveling around the loop we simultancously set Vq to yl+l and vy,

Ao [44
to g(yl,yg) and reach arc & again. That B(yl,yg) is satisfied at
this time follows directiy from (3) and our assignmenis to v, end v,

Clearly, we must al some time reach arce @ with ¥y =X since x
is a natwral muber. Then we sel 2 Lo vy, and pass to arc p . Gince
[
B(yl,yg) was true al arc @ and y, = %, B(x,n) is true ab are B .
This concludes the proof that the program construcled has the desired

properties.

21



Example 6: Tlerative "going-up! factorial prosram.
We wish to construct an iterative "going-up" program for computing
the factorial function.r The theorem to be proved is
(¥x) (Fz) [z = factorial(x)]
Applying the iterative going-up induction principle (with Eﬁyl,yg) being

Yo = factorial(yl) )» we are presented with the two lenmas

(A) (Hyg)[yg = factorial{Q) ]
and
A % _ X
(Br) () (V) (i) Ly, = factorial(v, )] = [y, - factorial (y,+1) 1} .

.x.
The lemmas are proven, and the values for y, and Vo (i.e., a and
g(yl,yg) ) found are 1 and (yl+l)-y2 , respectively. The program

extracted is illustrated in Figure 7.

START

- (O: l)

l]'l
[

(xl,yg) - (Nl+1,(wl+l)'yn)

Figure 7: Tterative "going-up" factorial program

Note that for simplicity we have assumed in the above discussion that the
program Lo be constructed has only one input wvariable x and one output

variable = . This restriction may be waived Ty a siraightforward generalizaticn
of the induction principle piven above as illustrated in Fxamples 15 and 15.
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{p) Recursive going-up induction

We present another going-up induction principle that leads to a
~different program form. The principle
Z(0)

vy Ly, £ 0 A @lyy-1) > @y,

(Vx) (%)
is logically equivalent to the first version but leads to the construction
of a recursive program of the form

z = f(x) where

f(y) <= if ¥ = O then a else g(y,f{y-1)) -

We call this version recursive going-up induction. WNote that the £ is

a dummy Tunction symbol that need not be declared primitive.
We have omitted the details concerning the derivation of this

program bul they are guite similar to those involved in Sect ion (a) above.

{¢) Tterative poing-down induction

Another form of the induction principle is the iterative going-down

Torm

(g

Ty )y, £ 0A a(yy) > dly-1) |

a0y .

The reader may verify that this rule is equivalent to the recu?sive
going-up induction, replacing 7 by ~¢ and twice using the fact
that pA gD T is logically equivalent to ~r AqD~D .

In this case we use a special form of the principle in which

a(y ) is of the lowm (My?)ﬁ(x,yl,yﬂ) , where x is a free variable.

A¥]
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The induction principle now becomes

(v ) vy £ 0 A (B BV YA  (Br)B0GY -1, v, ]

o

(y,)B(x,0,v,)

Suppose now that the theorem to be proved is of the form
(vx) (dz)B(x,0,2) -

The theorem may be deduced from the conclusion of the above induction
principle. IT the iterative going-down induction principle is used, the
program to be extracted is automatically of the form illustrated in

Figure 8.

(YJ > :Vrp) = (111(3{) 2> hE(}C) )

3

Ky:l 2 ya) i (yl—l) éi‘;(x} Yl: y?) )

Figure 8:  rterative "soin-dowm" progzram. [omm
Thus, all thal remains is Lo construet subroutines Lo compute the functions
'hl(){) ’ hfj(x) » and fg:(}:_vy:l)yr_)) D
he antecedents of the induction prineciple give us the two lemmas
to he proved
(4) (Ay ) (Fy ) B0 v ¥,)

and



(B) (Vyl) [Yl r‘i 0 A (&’2)5(}::}'1;?2) = (EYQ)B(X)Y:L'IJYE)] b)
or equivalently,

() - (¥yy) {Vyg)(ﬁy;)[yl £ 0N B*y Y, D B(x,yl-l;y;)] .

The proof of Lemma A yields subroutines to compute Vi and Yo in
terms of x , which define the desired functions hl(x) and he{x)‘,
respectively. The proof of Lemma B! yields a single subroutine to
compute y; in terms of x , v, , and Yo thus defining the desired
function g(x,yl,yéj . The program is then completely specified, and its
correctness and termination can be demonstrated using Floyd's approacﬁ,
as was done before.

Hote that iterative going-down induction is of wvalue only if the
constant O ocecurs in the theorem to be proved. Otherwise, the theorem

prover nust manipulate the theorem to introduce O

Example 7: Iterative "going-down" factorial program.

We wish to construct an iterative "going-down" program for computing

the factorial function. The theorem to be proved is again
(¥x){3z) [z = factorial(x)] .

The theorem conlains no occurrence of the constant @ . Thus, the
theorem prover btries to introduce O , using the firest part of the definition
of the Tactorial function (i.e., factofial{o) = 1) and its supply of
axioms (1.l = un , in particular), deriving as a subgoal

(dz)[lactorial(0) -z = factorial(x)] ,
where . X 18 a free variable. This theorem ig in the form of the consequent
of the iterative going-dewn induction, i.e., {ﬁyg)ﬁ(x,o,yg)‘g hence, the
theorem prover chooses the induction hypothesis ;B(x,yl,yé) to be
factorial(yl)-ya = factorial(x) .

25



The lamas propescd are

{n) _ (ﬁ'fyl) (fy. )1 i‘aci;or_:_al(yl) v, = factorialix)| ,
and
.x.
(B") (Vyl) (¥y,) (ﬂyg) {yl A0 A [1‘actorial(yl) Yy = factorial({x) ]

_K.
) [factorial(yl-l) Yy = factorial(x)]} .

%
The values obbained for y,, ¥, » and y, (i.e., hl(x) s h?_(x) , and
5;(}{,:\,"1_,;\_;',_‘) )J I'especJ!tiTJEl}r, are p:e » 1 2 and yl‘:\’rp The Pl‘icgraﬂl

comstruched is {llusirated in Wiiure 9.

(}'-1 2 ‘S?‘?) - (}f»ldl’ yl-y‘r':)

|

imare 9:  Tlerative

"roing-down" Tactorial program

{(d) Recursive poing~-down induclion

The recursive going-up induction was very similar to the iterative

going-up induction. In the same way, the recursive poing-down induction,

(5 )a(yy)

(ry My r1) > aly,) |

alo)
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is very similar to the itverative going-down induction. The form we are most

interested in is

(S5, (Fy,) By, 57,)

(v}’l) [(:—53"2)5(3(: 3’1"'1: ?Yg) - (EYE)B(XJ :Y_-LJ 3’2) ]

where x 18 a free variable.

I the rule is used in generating a program, the two appropriate
lemnas allow us to construct h](x) s h (x) and g(x,yl,yg) as vefore,
- fast

and the program extracted is

z = T(x) = £'(%x,0) where

1 (v < ify = hl(x) then hp(x) g}ggrg(x,y,f'(x,y+l)) .

xample &: Recursive *"woimg-down' factorial program.
The prograwm we wish Lo construct this Lime is a recursive "going-down”

program to compube the factorial function. Again the theorem

(¥x) (dz) = - faclorial(x) ]
is fransiormed into

() [Tactorial(0)-w - faclorial(x)] .

We continue as before and Ghe progran pencraled is

now I(x) = £7{x,0) where

Pr{x,y¥) <= il y = x then 1 else (y+1)-0f(x,y+1) .



ko lisis

Qur treatmentsoi lists and natural numbers are in some ways analogous,
since the constant NIL and the function c¢dr in LISP play the same role as
the constant © and the "predecessor™ fﬁnction, respectively, in:number
theory. The induction principles of both data structures are closely
related, but since there is no exact analogue in LISP to the "“successor”
Tunetion in number theory, there arc no iterative going-up and recursive
going-down list induction principles. lience, we shall only deal with two
induction rules in this section: recursive (poing-up) and iterative
(going-down) 1list inductions. In the discussion in bthis section we shall
omit details since they are similar to the details in the previous section.

Je shall illustrate the use of bothh induction rules Ly constructing
‘two programs for sorting a given list of integers. The output
predicate is

V(x,2) 12 - sort(x)

wheve

(Vo) (ve) {1 = sort(y)i = if Null(y) then Null(z)

clse (Vu)[Member(u,v) =z =merge(u, sort(delete(u,y))) 13.

Here,
Member(u,y) means that the integer u is a member of the list 7y ,
éelete(u,y) is the list obtained Ly deleting the integer u from the
list v , and
mgggg(u,w) » where v 15 a sorled 1list that does not contain the integer wu ,
is the list ovtained Ly placing u in its place on the list v,

so that the ordering 1o preserved.
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The theorem to be proved is

(¥x) (nz) 2 - sort(x)]

(a) Recursive lisl induction

The recursive (going—up) list induction principle is

A(NIL)

(¥y,) I~ 11 (y,) A @ledz(y,)) = aly) )

(x)a(x)

The program-synthesis form of the rule is

(#y,) BN, Y )

(V) [~ 2udd(yy) A (yp)Bledr(y,),v,) = (ly,)Bly;»v,) )

(%) (77, BY,) -

The corresponding program form generated is
z = f(x) where

£(y¥) <= if Null(y) then a else g(y, flcdar(v))) .

Example Y Recursive sorl program.
The sort program eobtained using the recursive Llist induction

principle is

o = sort(x) where

sort(y) <= if Null(y) then NIL else merge(car(y),sort(cdr(y))) .

(b) Iterative List induction

The reader can undoubtedly suess that the iterative (going-dowm) -

list dinduction principle is



Uy )7y

Uf\f )1-».\11[1( ) A d(\, ) \\|I(\’ ))[

@(NTII)
We are especially interested in the form

(Fy) [~ Buld(y,) A (8,)8(x%,5,y,) 2 (By,) 80 cdr(y)),y,) ]

('J-y )B( ;NIL;V,-‘) 2

" where x is a Tree variable.

The corresponding program form generated is illustrated in Figure 10;

it employs the construction known among LISF programmers as the "edr loop".

&
R N e NG
1 ‘\l = (—-—32 |
Iu"
N
(yl’y?;') o (Cdl'(yl))g(x:yl)?)’é))

Figure 10: Iterative list program form



Ixample 10: Tterative sort program.
Using the iterative list induction, we can extract the sort program

of Figure 11,

|we}
i)
<

|IATT

N

brpvs) ~ (et merve(car(y,),v,) |

)

Figure 11: Iterative sort program

.5 Trees

There 1s no simple induction mude Tor tree structures whiech pives
rise to an iterative program form, because such a program would have to
use a conplex mechanism to keep track of its place in the tree. However,
There is a simple recursive tree induction rule:

) Atom(y.) o«

(ryy) [Aton(y,) o @ly,) ]

(Vy ) [~ Aton(y ) A @(left(y))) A @(right(y,)) 2 @(y,)]

(v)a(x) .

In the avtomatic program synthesizer we are chiefly interested in the

following lorm



(vy ) [Atom(y ) = (My )B(y,:y,) ]

(Vy ) [~ Atom(y,) A (Fy,)B(1eft(y),v,) A (By,)A(zight (v,)sv,) 2 (By,) By 5v,) ]

(%) (77,) B, v,)

If we want to prove a theorem of form (Vx)(¥He)A(x,z) using tree

induetion, we must prove two lemmas

(4) (v ) [Atom(y,) = (By,)B(vv,) 1
o1 equivalently,

(A1) () (i) Laten(y;) © Bly, v,
and

(B)  (vyy) [~ Atom(y,) A (Fy,)B(Left(y)5¥,) A (Fy,) Blright (v,),v,) 2 (Fy,)B(y 5 v,) 1
or equivalently,

(®') (fyy) (Vyg)(Vyé)(Hyg)[’” Atom(y)) AR(1eft(y)),¥,) AB(xight(v1),¥5) 2By, v5) | -

Trom the proof of Lemma A' we deline a subroutine h(yl) to compute Yo

in {erms of ¥y The proof of Lemma B' yields a subroubine g(yl,yq;yé)

1
. . - . ) .

Lo compute w. in terms of yl s ¥ o and oyl
P [

The corresponding proygram form i1s
% = [(x) where

f(j-[l) <= il A‘i;orn(yl

) then h(yl) glse g(yl,f(left(yl)),f(right(yl))) .

HNolte that this program form employs two recursive calls.

Fxample 11: Recursive maxtree program (see Iixample 3).

We wish to give the synthesis of a TREE recursive progrem for finding the
maximum among the terminal nodes in a binary tree with integer terminzls.
This will be the first debailed example of the construction of a program

conlaining loops.

O
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The theorem to be proved is
(Yx) (#2)[2 = maxtree(x)] ,
where
(1) [z - i11axtree(x) ] = [Terminal(z,x) A (Yu)lTerminal(w,x) 2 u < z]] ,

and

(2) Terminal(u,v) <= if Atom(v) then w = v

else Terminal(u,left(v)) v Terminal(u,right(v)) .

We assume thal maxtree itself is nob primitive.

The theorem is of the form (¥x)(Az)B(x,z) ,vwhere [B(x,z) is
z = maxtree(x) . Taking 2z +to be Yo s this is precisely the conelusion |
ol the tree induction ‘pr‘.i.uciple. Therefore, we apply the induction with

6’(}’1:?\’3) Pow, s maxtree(jyl)- .

Henee, it sulfices to prove Lhe [ollowing two Lommas :
(A) (vyp) (Fv,) [Atom(y,) > v, = maxtree(y;)] ,
and

(B) (0 () (W) (v ) [~ Aton(y,)

A Y, = me_xtree(lef‘t(yl))

A :y',é = maxtree(right(yl))
- y; = :naxtree(yl)] .
The proof of the lemmas will rely on the definition of maxiree (Axiom 1)
and the following two axioms induced by the recursive definition (2)
of the Terminal predicate:
(2a)  Atom(v) o [Terminal({u,v) = (u = v)] ,

and

()~ atom(v) D [Terminal{u,v) = [Terminal(u, left(v)) Vv Terminal(u,right(v))]].




Tirst we prove Lemma A'. By Axiom 1 it follows that we want to prove

(17,) () {akon(y,) = [Terminel (y,,v,) A (V) [Terminal(u,y)) Du<y, 11}

or equivalently, using Axiom {2a2) (with u being Y and v being yl),
(¥y,) (dy,) {Atom(y,) = {y, = vy A (Fu)lu =y, D u 2 y,11}

It clearly suffices to take Yo to be ¥y to complete the proof of
the lemma. Therefore, the subroutine for h(yl) that we derive from
the proof of this lemma is simply h(yl) =¥y -

The proof of Lemma B' is a bit more complicated. Let us assume
that v

, 1s a tree such that naAtom(yl) and let y, = maxtree(left(yl))

and yA = maxtree(right(yi)) . Ve want %to find a y: {in terms of

Y15 ¥, > and yé) for which y; = maxtree(yl) . This means, by Axiom 1,
D
that we want vy, such thal

A

Termina%(y:,yl) A (Vu)[Tenninal(u,yl)tj u < y;]

This implies, by Axiom (2b) and our assumplion naAtom(yl) s that we

. .
have to find a y. satisfying the following three conditions:

B }\’. —K;
(i) Terminal(y?,left(yl)) v Terminal(ye,right(yl)) s

b

2] ’

(ii) (Vu)[Tcrminal(u,left(yl)):3 u <y

and

(331)  (¥u)[terwinal(w,right(y)) 2 v <y,] -

It was assumed that v, = maxtree(left(yl)) and

yh o= maxtree(right(yl)) . Thus, using Axiom 1, condition (i) implies

R 3 -X. - .):K " . - - Ao - - kx-
that y., <y, V¥, <yl , condition (ii) implies that Yo < Yo o and
o, = < [ i el e .
‘:\: ‘):‘
condition(iii) implies that y! <y, . This sugzests thal we take v,

¢

Lo be max(yq,yg) s witich indeed satisfies the threc condiliong. ‘Therefore,

L
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the subroutine for W(yqﬁyoné) thal we extract from the proof ol this lemna

is gy v vl) = max(y,,vh) -

The complete program derived from the proof is

z = maxtree(x) where

maxtree(yl) <= if Atom(yl) then y,

else max(maxtree(left(yl)),maxtree(right(yl))) .

a3
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5. COMPLETE INDUCTION

The so-called complete induction principle is of the form

(y ) ) [w <y 2a@()] = 2(y,) ]

(h)a(x) -
Intuitively, this means that if a property @ holds for a natural number
¥y whenever it helds for every natural number u  less than vy oo then it
holds for every natural number x

Although +this rule is in fact logically equivalent to the earlier
number-theoretic induction rules (see, for example, Mendelson [19(k]),
we shall see that it leads Lo a more general program form than the previous
rules, and therefore it is more powerful for program-synthetic purposes.
ITowever, 1t puts more ol a burden on the theorem prover because less of
the program structure is fixed in advance and more is specified during

the prool process.

We are most interested in the version of this rule in which a(yj)

hag the form (ﬂyd)B(yl,yq) , d.el,

(ry) L) e < vy = (Ev)E(wy,) ] o (Gy,) By v,)

(V2) (v, )B(%,v,) -

[ [
Thus, in order to prove a theorem of the form
(vx) (B2) B0 =)

it suffices to prove a single lemma of the form

) (Vyl)(mu)(vyé)(ﬂy:){[u RS R B(“JV@)ﬁ'D B(YlJyg)} .

TFrom a proof of the lemma we extract one subroutine for computing the
value of u in terms of Yy (called h(yl) ), and another for computing

the value of y; in terms of ¥y and Yo (called g(yl,yé) ). These



functions satisfy the relation

(1) [h(yl) <y, o B(h(yl),yg)l = 5’(3’1: €(Yl:3’2)) for every y, and ¥, -
The program form associated with the complete induction rule is
then the recursive program form:
z = £(x) where

T{x) <= aly, t(u(y)) .

(2)

This form requires some justification.
Agsume that the function £ satisfies the output predicate
(3) Blu, r{u)) for all u <x .
We 'wl'ill try to show
B(x, £(x))
Pirst, suppose h(x) < x . Then by the hypothesis (3), Ah(x),f(h(x))) .

Therefore, {rom (1} (taking vy, to be x and to be f(h(x)) ) we

1 Y2
obtain B(x,alx, f(1(x)))). , i.e., by (8), Blx, £(x)) .
Now, suppose h(x) > x . Then taking ¥y to be x , the antecedent

of {1} is true vacuously, and we conclude /&(x, (%, £(h(x)))) , i.e., by (2),

Blx.£(x)) .

Example 12: The recursive guotient program (see Example 1).
We want to construct a recursive program to Lind (the integer part
of) the guotient of two natural mmmbers xl and x, , glven thal x, /: o .
ia [
Our output predicate is therefore
F(xoy,z) 2 (Ir)[x, = 2.X,tr A v < X, ]
\fr( 1) 2) “) ( )[ 1 o 1) 2]

The Theorem is then

(Vxl)(tfxe) {XE oo (E{z)(m‘r)[xl =z br A T < x,])

Assume now that X is a {ixed positive integer. Then we wish to prove

2
-

[t

('\"Kl) (=) (Er) [xl = BeXatr AT <K, ]

The theorem is now in the same form as the conclusion of the complete

7



e

induetion rule, taking == to be x5 ¥, lo be u o, and

B(}’l;?fg) . ('\]]I-)I-"‘:'.r.1 - :\Ji'?—-xz3 4 T AT < KQI .

Therefore, the single lemma to be proved is

o : :
(A7) (Vyl)(ﬂu)(VyB)(Hyé)[[u <Yy 2 {ir)[u = N A %11

X .
o (ﬂr)[yl = ¥t¥, bl A Y < xp}} ,

or equivalently,

.X. _):.
(Vyl)(ﬂu)(Vyg)(Hyg)(Vr)(ﬁr ) {[u < ¥, o [w = Yo ¥,bT AT < %511

% %

: O
e [yl S :\’p'XE"'l‘ AT < Xp]} *

.}\'.
It ¥y < X,, we satisly the conclusion of the lemma by taking vy, to
E'S
be O (and r to be yl) . I, on the other hand, ¥y >x, , ve take
X =
w to be y.— X, vy, tobe y,il (and » o be 1) ; then the

conclusion lollows usingr an appropriabe sel of axioms for arithmetic.

The program devived is then

x,) where

djv(yl,xq) = Al Yy, <%, then 0 else div(yl - xg,x2)+l .

Although the program we constructed has two input vaeriables, we were
able 1o use the single-variable induction principle in its synthesis by
treating the second input X, as a free variavle. Typically when constructing
programs with more Lhan one inpul variable, we shall have Lo use a sultably

generalized induction rule.

The next example will use two input variables, and we will not be
able to treat either of them as a free variable. Therefore we take this
opportunity to demonstrate how to generalize the complete induction

principle to construct programs with two inputs.



The form of complete induction was

Yy v lu <y 2 g ] = aly,)}

(¥x)@(x)

For the two-input-variable case, We take ﬂ(yl) to be

(¥y.) {3y,

)B(yl,y“,yx) , obtaining the version

() iV lu <y = () (Ty ) By, 331 2 (V) (85) By 530, 73) b

(g ) (V) (Fy o) B0 x5 y5)
Suppose we want to prove a thecrem of the form

(Vxl)(ng)(Ez)B(xl,xe,z) .
Thie is the same as the consequent of the complete induction rule. Thus,

it suffices to prove the antecedent as a lemma:
() (L) T < vy () (1 DB, 3,05y 1 (1) (BBl v, 030 )
or eguivalently,

. . - , X ; . ’—>:- . bd . ‘ ¥
(ar) (Tvg) () () () (V) Gy ) T <y DB ¥, ¥,) 128y 5 v,0v5) b

From the proof of this lemma we extract three subroutines

hl(yl’yﬁ) s hg(leYQ) > and g(yl’yé’YB) corresponding to wu ,:

N b
Y, » and y.. . respectively. The program extracted from the proof
Pl o7

ol the thecrem will be of the form

no= f(xl,xﬁ) where

J-‘(yl) y;}) <= t: (y-}’ Y::)J f(h_] (yl, y{w) Jh:? (yl, -,\;"2) ) ) -

29



Example 15: The greatest common divisor program.

The program to be constructed must £ind the greatest common
divisor (ged) of two positive integers %, and X, . For simplicity,
we ignore the possibility of X, or X, being O , and the theorem to
be proved is then

(e V(W) (5} [ = ged(xy5x,) ] 5

where

[z = ggg(xl,xg)] = {z|xl Az (xg A Vu[u[xl Aufx, Du < z |}

Here, u|v means "u divides v evenly" . Recall that the function ged

[

should not be considered to be primitive.
The theoren is in the same form as bthe conclusion of the complete
induction rule (for two input variables), taking y. to be z , and
By s¥arys) 15 = 8CA(yy5v,) -
Therelore, we must prove the following lemma :

- < . ooy - " X
(at) () (Fyrp) (Bu) (By) (Y ) (Evz) e < vy 2y = ged(wy,) ]

S yy = ged(yyg)d -
,'—;_‘ ) ( l? 2)
T™iis is one of the proofs we consider to be a challenge for existing

theorem-proving systems. We suggest taking

u 1o be rem(yp,yl) s
Yo Lo be Yo s

} LN o - 4 ' .
and y§ to be if rem(yg‘yl) 0 <then ”Vl else },,_3 s

where rem(yp, yl) is the remainder when 1y, is divided by Yy o
—_— - s
Therefore,

'"1l(:"_l‘YQ) iS r@ﬂ(yé;yl) 2



n, (v 5v,) is ¥y s

and g(:,r.l_,yg,yE) is if rem(ye,yl) = 0 then y, else Vs B

The complete ged program extracted is therefore

z o= gcd(xl,xe) where
gealy;v,) <= if zen(y,yv,) =0 then v,

elge gc_d(rm1(y2,yl),yl) .

1



6. TRANSLATTON FROM RECURSION TO TTERATION

Tterative programs and recursive programs compute the same class
of functions (namely, the partial recursive functions). However,
recursive programs are cammenly far more inefficient in time and space
than the corresponding iterative programs. Although it is straightforward
to transform an iterative progrem into an eguivalent recursive program,
the reverse transformation presents difficulties. (See, for example,
McCarthy [19G3a], Strong [1970], and Paterson and Hewitt [1970].)

LISF aﬁd ALGOL compilers, for example, translate recursive programs
into iterative programs that use stacks, without changing the essence of
the computation. Using program-synthetic techniques, it is sometimes
possible to perform the transformation in such a way that the resulting
iterative program performs the computation in a fundamentally bettier way
than tihe original recursive program. Although we have no mechanism tc
ensure this improvement in geunersl, we shall see hoﬁ this occurs in the
two examples presented in this section, the first concerning the reverse

Tunction and the second, the Fibonacci sequence.

Example 1l: The reverse function (see Ixample 2).

We are given a recursive reverse program:

% = reverse(x) where

reverse(y) <= if Null(y) then NIL

else append(reverse{cdr(y)),list(car(y))) -

As we mentioned earlicr, this definiticon is quite inefficient since it
involves repeated computation of the append function, which in itself

requires a relatively complex computation.

L2



The theorem to be proved is
(vx)(#z) [z = reverse(x)] .

Recall that the reverse function is not considered to be primitive .
For efficiency we also omit the append function from the list of
primitives.

Since we want to write an iterative program, we must use the

iterative list induction rule:

(Vyy) [~ Bl {y ) A (Fy,) B0y 5,) 2 (Ty,)8(x,edr(y;),v,) ]

(Zy,) B0, NI, y,,)

Aside from this rule we have two axioms that result directly from the

given definivion of the reverse function:

(12) reverse(NIL) = NIL ,
(1b) ~Mulli(y) o [reverse(y) = append(reverse(cdr(y)),list(car(y)))] .

Furthermore the system will use the Tollowing axioms chosen from its supply

during the course of the proof:

(2a) append(NIL,u) = u ,

(2b) append(u,NIL) = u ,

(3) append (u,append(v,w)) = append(append(u,v),w) , and
(1) append(List(v),v) = cons(u,v) -

The theorem to be proved, (vx)(42) [z = reverse(x)] , is not in
the correct Torm to apply the iterative induction because NIL does not

occur in it. However, by Axiom 2a and the definition of reverse



{Axiom la), our theorem prover will translate the thecrem into the

following satisfacltory form:
(vx) (v1z) | append(zeverse(NIL), =) =~ reverse(x)] .
Therefore, we can apply the iterative list induction rule with
B(x,yl,yg) :agpend(reverse(yl),yg) = reverse(x)

and the two lemmas to be proved are:

(A) (Hyl)(?yz)[agpend(reverse(yi),yg) = reverse(x)] ,
and

(B") (Vyl)(Vyz}(Hr;)[n:Null(yl) A aEEend(reverse(yl),yg) = reverse(x)

%
o append(reverse(cdr(yl)),yﬂ) = reverse{x)] .

Using Axiom 2b, the system chooses ¥ to be x and Yo to be NIL ,

concluding the proof of Lemma A.
To prove Lemma B', the system assumes maNull(yl) and

anpend{reverse{yj),yg) = reverse(x) . Using the definition of reverse

Axiom 1b), and the assumption that A-Null(yj) , it derives

z

e

reverse{yl) = append(reverse(cdr(yl)),list{gg;(yl))) .

Bubstituting in the hypothesis, it deduces

il

ggpend(append(reverse(cdr(yl)),list(gg{(yl))):yp) reverse(x) .

Using the associative rule for agppend (Axiom 3), it obtains

reverse{x) .

aggend(reverse(gg£(yl)),append(list(car(yl)),yﬂ))

Then, from Axiom %, it derives

append(reverse(cdr(yl)),cons(car(yl),yg)) = reverse{x) .
Comparing this formula with the desired conclusion, the system takes

e . ,
¥.. to be cons(car(yl),yo) , concluding the proof.
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Such a proof is well within the capabilities of existing theorem
provers. In fact, the above proof of Lemma B' has actually been found
(see Brice and Derksen [1970]) using the QA3 theorem-proving system -
(Green and Raphael [1968]) with Morris's E-resolution [1969].

Since in the proof of Lemma A, vy and y, were replaced by X
and NIL, respectively, and in the proof of Lemma B', y; was replaced
by gggg(gﬁg(yl),yé) , the iterative program illustrated in Figure 12
will be constructed. Note that this program is far more efficient than

its recursive counterpart.

pr

Z o Yo HALT

r

(vy7vp) = (cdr(y,),cons(car(y;),v,)

|

Figure 12: TIterative reverse program

Example 15: The T'ibonaceci seguence.
The advanfage of iteration over recursion is particularly apparent
in the computation of the Fibonacci series
1, 1, 2, 3 5, 8, 13, 21, 3k, 55, ...,
each of whose terms {after the second) is the sum of the preceding two.

Given & natural mumber x , the value of the x-th Fibonacci number .

hg



is most simply defined by the recursive program.

%z = f{ibonacci{x) where
fibonacci(y) <= if (y = 0 Vy = 1) then 1

else fibonacci{y-1) + fibonacci(y-2) .

In practice this program is grossly inefficient, involving many repetitions
of the same computation. We would like to use our approach to translate
this program into an efficient iterative program with no redundant
computation.

The theorem to be proved is simply

(¥x)(Fz)[z = fibonaceci(x)]

The recursive definition of the fibonacci function implies the axioms:

(1a) (u=0Vu=1) > fibonacei(u) = 1,
(1p) (u > 2) o fibonacci(u} = fibonacci(u-1)+ fibonacci(u-2) ,

or eguivalently,

fibonacci(u'+2) = fibonacci(u'+1l) + fibonacci(u') .

Axiom la suggests to the theorem prover that the case (x =0V x = 1)
be treated separately; in this event, we take =z to be 1 , and the
output relation is sabisfied.

It remains to prove
(vx){x > 2 > (¥z)[z = fibonacci(x) 1} ,
or equivalently (using Axiom 1b)

(¥x) {x > 2 o (dz)[z = Fibonacci(x-1) + fibonacci(x-2)1} .
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Thus, taking x' to be -2, ve have

(¥x')(Fz)[z = fibonacci(x'+1) + fibonaceci(x?)] .

Since the "plus" operator is primitive, taking =z Lo be zl+22 s

it suffices Lo prove

(Vx')(ﬂzl)(ﬁzg)[zl = fibonacci(x*+1) A Z, = fibonacei(x') ]

Note that we now have two output variables 5, and z, rather than
[
one. I[lowever, the prool procedure is precisely analogous to the single-

variable case; the iterative going-up induetion principle used is

(?ﬂro) ‘:ﬂ}",;)ﬁ(o: Vs \V's‘,)
[N . [ B

(¥x) (7y,,) (73 BOss 0 w5)
with
5(y1’yﬁ’yﬁ) PV, fihonacci(ylrl) Ay fibonacci(yl) .
Taking =, to be v, and z. to be yg (i.c., = 1is y2+y§ )

- L W i
- [ [

the conclusion of this induction male is identical to the modified

theorem., Thus, the two lemmas tc be proved are

(A) (Elyg)(ﬁyﬁ)[y? = Tibonacci(1l) A Yy = fibonacei(0) ]
and

I “ f * . * - L - 2 o i
(B*) (hyl)(fyg)(Vy%)(Jyé)(hyﬁ){[yzzzflbonacc1(ylfij;\yéz:flbonacc1(yl)J -

* X
[yPA:Tibonacci(yl+2)/\yx~:fibonacci(yi+l)]} .

Lemma A is proved using Axiom la taking y,. and v, both to be 1 .
i 7
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To prove Lemma B' we assume Yy, = fibonacci(y1+l and

Vi o= fibonacci(yl) . Then taking Vo = y2+y5 , as suggested by Axiom l1lb,

and  y. - ¥y, , as swigested by the hypothesis, we have completed the

<

proof of l.emma BT.

The program extractor combines all the replacements and substitutions
made in the proof %o form the program of Figure 13, which exhibits none
ol the crude inefficiencies of the original recursive program. The reader
may observe how closely the operations in the program mirror the steps

of vhe proofl.

o

(¥ s¥asys) = (Y P lygtyas¥,)

]

N

Figure 17: Tterative Tibonacci program
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7. FULTURE RESTARCH

Clearly the results reperted in this note represent but 2 sbep 1in
the direction of auvtomatic program synthesis. VOur chief goal was not
to present a completed work, but rather to stimulate other people to

examine these problenms.

{a) Sugzested theorem-proving research

The foundation of our approach, and its chief weakness, lie in the
theoren prover. We have mentioned that many of our proofs are probably
bevond the state of the art of mechanical theorem proving, althoush
nene of then are ferribly difficult. We therefore can use our experience
o pinpoint some weaknesses in the current methods and to suggest some
directions for thecrem-proving research.

Any theorem-proving system stores its knowledge either in the form
of axioms (which are simply assertions) or rules of infereance (which are
methods for transforming assertions). A system that relies mainly on
axioms is very seneral; new facts may be introduced without modifying
the system because new axioms may be added long alter the systom is
written. However, withoul restrictive strategies about how cach axiom
is to e used, such systems tend to thrash and flounder. On the other
hand, systems such as King's [1969] (see also King and Floyd [1970]),
which rely on rules of inference applying to a specific semantic domain,
procecd with a great sense of direcition Dut usually require reprogramming
annw¢hdsamzmmwmme

Ve therefore would like Lo see a systen that combines the virtues

o' both approaches,iusing rules of inference when possible and axioms when
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necessary. We further hope that the user would be able to intrcduce
new rules of inference without being forced to reprogram the system.
Thus we would be able to give the system special knowledge about the
semantic domain (the integers or lists, for example) without affecting
its generality.

We are dissatisfied with the large number of eguivalent inductiocn
principles reguired by our system. One might prefer to have a single
general induction rule with a more powerful program extraction mechanism
(see, for example, Burstall [1969], Park [1970], and Scott [1969]).

Tt is nolt yet clear what this mechanism would be, and we are not sure
Vr‘tha‘t the machine jmplementation of such a rule in a theorem-proving
system would be feasible.

finally, it occurred to us during the preparation of this paper
that partial Tunction logic (see McCarthy [1967b]) would be a more
appropriate vehicle for program synthesis, because in this language we
mey discuss partial funclions, whereas in the usual predicate calculus
all operations and predicates are assumed to be total. We believe the
teciniques we have already outlined above apply to partial function logic
as well. Some work has already been done by Hayes [1969] towards the
machine implementation of this logic. Taking this remark in conjunction
with a paper by Manna and McCarthy [1970] suggests that partial function

logic may be the mosl natural languace Cor program analysis and synthesis.

(b) ZLanguage and recpresentation

In our discussion we have used a modified predicate calculus in
specifying the program to be constructed. This suggests that predicate

calculus could be used as a higher-level programming language, where the
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compiler would be a program synlhesis system, exbracting a progran in
a lower-level language.

On the other hand, we are not bound to the use of predicate calculus
as our source language. Programmers might find such a language lacking
in readability and conciseness. However, any language that might be
developed for expressing input and output relations would be satisfactory
s0 long as the system could translate it into the language its theorem
prover understoocd.

0f course, lhere are cases in which it is as easy Lo write the program
itself as to write inpult and oulput relations describing it. However,
this is more likely to be the case with trivial examples than with

complex realislic programs.

(e) Interactive program synthesis

We have not considered the possibility that the synthesizer might
interact with the nser in constructing ivs programs. However, an
interactive approach might lead immediately to a more practical system.
For example, if the theorem prover were interactive the power of the
program synthesizer would be greatly increased. Alternatively, we
might interact by allowing the user to suggest program segments to the

synthesis allowing the system to incorporate them into the program.

(a) Program modification

We have not approached the problem of constructing efficient programs
in any systematic way. We have contenled ourselves with the construction
ol' correct programs, and have seldom been very eritical of the programming
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guality exhibited. Although in Section & we illustrated that we can

write more efficient prosrams by avoiding recursion and declaring inefficient
subroutines non-primitive, more general work in this direction is clearly
needed.

Once we have developed a method for controlling the efficiency of the
extracted program, we not only can produce better programs with the purely
synthetic approach, but also can use our techniques to write better
compilers and program optimizers, which transform programs written by
human beings. We take such a program (or a portion thereof) and transform
it into its representation in predicate calculus (see Asheroft [1970),
Burstall [1970], Manna [190w], and Mama and Pnueli [1970]), which is
‘then taken ag the specification ol a new, more elficient reconstruetion.

fnolher way programsynthetic technigues may be uséd in the
improvement of an already existing program is in the construction of
an automatic debugging system. Current progran verification methods
glve us a way to detecl and locate errors in a program; we then can
use the program-synthetic approach teo replace the incorrect segnent

without affecting the remainder of the program.
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