|
1

mernationeal

DEDUCTIVE SYNTHESIS OF THE
UNIFICATION ALGORITHM

Technical Note 246
July 1981

By: Zohar Manna
Computer Science Department
Stanford University -
and .
Applied Mathematics Departinent
Weizmann Institute

Richard Waldinger
Artificial Intelligence Center
SRI International

This paper will appear in Automatic Program Construction
| | i (G. Guiho, ed.), NATO Scienlific Series, D. Reidel Pub. Co.,

Dordrecht, Ilolland, 1981.

The research was supported in part by the National Science
Foundation under Grants MCS-78-02591 and MCS-79-09495,
_ in part by the Office of Naval Research under Contracts
NO00014-75-C-0816 and NO0014-76-C-0687, and in part by
the Air T'orce Office of Scientific Research under Contract

ATOSR-81-0014.

333 Ravenswood Ave. « Menlo Park, California 94025

internationat (415) 326-6200 « Cable: SRI INTL MPK » TWX: 910-373-1246

“‘ "’






ABSTRACT

The deductive approach is a formal program construction method in which the derivaiion
of a program from a given specification is regarded as a theorem-proving task. To construct a
program whose output satisfies Lhe conditions of the specificalion, we prove a theorem stating the
existence of such an output. The proof is restricted to be sufficiently constructive so that a program
computing the desired output can be extracted directly from the proof. The program we obtain
is applicative and may consist of several mutually recursive procedures. The proof constitutes a
demonstration of the correctness ol this program.

To exhibit the full power of the deductive approach, we apply it to a nontrivial example —
the synthesis of a unification algorithm. Unification is the process of finding a common instance
of two expressions. Algorithms to perform unification have been central to many theorem-proving
_systems and to some programming-language processors.

The task of deriving a unification algorithm automatically is beyond the power of existing
program synthesis systems. In this paper we use the deductive approach to derive an algorithm from
a simple, high-level specification of the unification task. We will identify some of the capabilities
required of a theorem-proving system to perform this derivation automatically.






INTRODUCTION

In an carlier paper (Manna and Waldinger [1980]} we dedcribed a deductive ‘approach to
program synthesis. In this approach, program synthesis is regarded as a theorcm-proving task.
Given a high-level specification of the purpose of the program, we prove a theorem that establishes
the cxistence of an output satisfying this specification. The proof is restricted to be sufﬁcienﬂy
constructive so that the desired program can be extracted directly. This approach is the direct
descendant of Lhe technique applied, e.g., by Green [1969] and by Waldinger and Lee [1969].

In the earlicr paper, we applied the technique only to very simple examples. In this paper we
consider a sormnewhat more difficult task: the synthesis of a unification algorithm.

Unification is the process of finding a cornmon instance of bwo expressions. If such an instance
cxists, the algorithm is to produce a substitution that will yicld that instance when applied to
either of the expressions. If no common instance exists, Lhe algorithm is to produce a special
symbol indicating this situation. The first unification algorithm appeared in Ilerbrand’s [1930]
thesis, but the procedure did not come to widespread attention until it was rediscovered by Prawitz
[1960] and employed by Robinson [1965] in his resolution principle for automatic theorem-proving.
Since then, the algorithm has been used not only for resolution theorem-proving but also in many
nonresolution Lheorem provers (sce Bledsoe [1977]) and some programming-language processors
(e.g., PLANNER, sce Hewitt [1971] or PROLOG, sec Warren et al. [1977] or Colmecrauer et al.
[1979]).

Beecause of its importance in theorem-proving and other applications, some cffort has gone
into the design of cflicient unification algorithms (e.g., Martelli and Montanari [L976]; Paterson
and Wegman [1978]) and the extension of the algorithm to more complex logical Lheories (e.g.,
higher-order logic, [Tuet [1975]; associalive and commutative theorics, Stickel [1975], Livesay et al.
[1979]).

The unification algorithm was the subject of verification efforts (e.g., Waldinger and Levitt
[1974]) and served as an example of automatic debugging (von Henke and Luckham [1974]). An
zarly altempt to synthesize such a program appeared in Manna and Waldinger [1975]. Nevertheless,
no complete aulomatic synthesis, or even verification, of the algorithm has been accomplished by
any system.

The derivation presented in this paper depends on the formulation of a theory ol expressions
and substitutions. Infuitive observations about these objects can then be expressed and proved
wilhin the theory. In this paper we have set down, without proof, those results necessary for the
derivation. A [ull presentation of the theory of expressions and substitutions is included in our
fortheoming book {Manna and Waldinger [L982]).

The proof on which Lhe derivalion is based is presented in {ull. Weinclude a summary of those
aspeels of the deductive approach neeessary to understand the derivation. Although this prool can
be expressed in Lhe deducetive-tableau formalism of our [1980] paper, it is given here inlormally. We
do not attempt to describe stralegics that would enable the proof to be generated aukomatically.
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However, we consider later what capabilities would be required of a theorem-proving system to
discover such a proof.

THE DEDUCTIVE: APPROACH

The specification of 2 program allows us to express the purpose of the desired program without
indicating an algorithin that achieves this purpose. In gencral, we arc considering the synthesis of
programs whosc specilications have Lhe form

fla) & find z such that R(a, 2)
where P(a).

Here a denotes the input of the desired program and z denotes its output. The input condition
P(a) expresses the class of legal inpuls to which the program is expected to apply. The output
condition R{a, z) describes the relation the output 2 is intended to satis(y.

TFor example, to specify a program to combute the integer square root ol 2 nonnegative integer
n, we would write

sqri(n) - Jind z such that
integer(z) and 2% < n < {z+1)?
where itnteger(n) and 0 < 7.

A specification of the above form deseribes an applicative program, one that yields an output
but produces no side ellects. To derive a program from such a specilication, we altempt to prove
a theorem of the form

(Va)(32)[¢f Pla) then R{a,z)].

This thecorem states l;hat,' lor every input a, therc exists an output 2z satisfying the output coundi-
tion, provided that the input salisfies the input condition. The proof of this thecorem must be
constructive, in the sense thal, in proving the existence ol a satisfactory output 2z, it must tell us
how to find such an output. I'rom this proof a pfogram to compute z can be extracted.

WELL-FOUNDED INDUCTION

The formation of repetitive program constructs in the deduetive anproach depends on the
application of the principle of mathemalieal induction, The induction principle we use is the
principle of “well-founded induction,” swhich applics to a wide variely of malhematical structures
and results in the lormation of a recursive procedure in Lhe program being constructed. Before we
can presenl the induction principle, we musl introduce the notion of a4 “well-lounded ordering.”

Definition: ([ > is a relalian over a sel 5, we will say that = salisfies the decreasing sequence
condition if there are no infinile decreasing sequences ¢, zg,Z3, ... of clements of S; ze.,



there are no sequences such that

Ty > To > T3 > .

IFor example, the ordinary “greater-than” relation > over the nonnegative integers satisfics

the decreasing-sequence condition. The same relation over all the integers does not.

Definition: If > is a rclation over a set §, we will say that > is a well-founded ordering and §

is 2 well-founded set under this ordering if

e > is transitive and

s > satisfies the decreasing-sequence condition.

We will regard y < = as synonymous with =z > y.

For example, the following are all well-founded orderings:

e The > relation over the nonnegative integers
e The subsel relation over the finite sets

e The subtree relation over the finite trees.

The principle of well-founded induction may be expressed as follows:

Let > be a well-founded ordering over a set 5. Then,
to prove that a stalement {){e) is true for all elements ¢ of S,
consider an arbitrary clement a of §,
assumne the induction hypothesis
(Vz)[if =z < a then Q(z)]
and prove that the conclusion
Qa)

then Tollows.

When we arc applying the well-founded induction principle in a program-synthesis context,

we may usc the following special form:

Let > be a well-founded ordering over a set S. To construct a program f satislying the

specification

f(n) & find z such that (e, 2)
where  P(a),



where the inputs a belong to a well-founded sct, consider 2n arbitrary input e, assume the

induction hypothesis

if z<a
(Vz)|then if P(z)
then R(z, f(z))

and then prove the conclusion

(Iz)R(a, 2).

In other words, we consider an arbibrary input e and find an output z salislying the given
specification under the lfollowing induction hypothesis: the program f(z) we arc trying to construct
will satisly Lhe specilication lor all inputs = that are less than a in the well-lounded ordering.

Application ol the induction hypothesis during a proof will causc a recursive call f(z) to appear
in the program being constructed. The condition P(z) will ensure that the input = of the recursive
call will be a legal input; Z.e., it will salisfy the given input condilion. The condilion z < a will
ensure that the new recursive call eannot result in an infinite computation.

{-EXPRIISSIONS

In this section, we define a elass ol £-expressions that will contain not only the expressions,
but also nested lisls of expressions formed lrom a given alphabet.

e The alphabet
Suppose that S is an alphabet of symbols, consisting of Lhree disjoint set.s:
(: the constants
X: the variables
F: the funetion symbols.

Togelher, the constanls and variables will be referred Lo as the atoms of S. With each lunction
symbol of I is associated a unique posilive inleger, called ils ardty, indicating how many arguments

the lunctlion takes.
s Generation rules
The expressions of § arc constructed by repeated application of the lollowing generation rules:

Any coastant of C is an expression;

Any variable of X is an expression;



If fis a function symbol {of arity n)
and £ is a list of expressions (of length n),

then the result of applying f to the expressions in ¢,
denoted by f ¢, is an expression.

Note thatif €= [£,£s, ...,¢,] then fef isthe expression informally denoted by f(¢y,¢q, .. ., £,).

The ¢-expressions of S are constructed by repeated application of the [ollowing generation
rules: ‘

The empty list [] is an f-expression;
Any expression is an f-expression;

If s is an f-cxpression
and m is a list of {-cxpressions

then Lhe result of inserting s before the first element of m,
denoted by s e m, is an f-expression.

Note that il m = [mq,ms, ..., my], then som is the list ol f-cxpressions informally denoted
by [s:mlrm21 e rmn]-
¢ Uniqueness properties

We assume that each £-expression can only be produced in a unique way [rom the above rules.
This assumplion is expressed by the lollowing properties:

cFx
A fel
z;éfo‘E

Jfel=p ot
then f=[f and £¢=1¢

¢ 7 {]
c#som
z # (]

2 £ som
fetFH#]]
felstsom
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if sem =35 om'
then s =38 and m=m'

for all constants ¢, variables z, function symbols f and f* (of arity n and =/, respectively), lists
of expressions £ and # (of length n and »/, respectively), f-expressions s and s’, and lists of ¢-
expressions m and m'.

o The oceurs-in relation

We will say that an f-expression s occurs in an f-expression 8/, denoted by

s <4 or s ¥s,

if s is a subexpression of s'; we will say that s occurs properly in s/, denoted by
5 <8 or &3

if s occurs in &' but is distinct from &/. We will abbreviate
nots <3 as s Ad,
nots <5 as s 74-3’,

and so .forl;h. Formally these relations are defined by the following properties:
8 <4s' dfandonlyif s<s or s=34¢ (partiality)

s Aa (atom)
)

s A1) | (empty
s <(fe8) ifandonlyif s =<¢ (application)
5 <{s’om) ifandonlyif s <4 or s ¥m (insertion)

for all atoms a, function symbols f (of arity n), lists of expressions £ (of length n), f-expressions s
and &, and lisls oi' £-expressions m.

We assume as part of ils deliniltion that Lhe oceurs-in relation is well-lounded. This is a way
of expressing formally that all the £-expressions are finite. It follows that the relation is irreflexive,

ie.,

8 A3 . (irreflezivity)
for all £-cxpressions s.

The definilion implics Lhe following component propertics of <

L<fef



g <4s50m

m <€som

LY

for every function symbol f (ol arity n), list of cxpressions £ (ol length n), f-expression s, and list
ol Z-cxpressions m.

s The vars function

The value of vars(s) is the sct of variables that occur in the &cxpression 3. Formally we define

vars(c) = {} o (constant)
vars(z) = {z} (variable)
vars([]) = (} (empty)
" vars(f e &) = vars(¥) (application)
vars(s o m) = vars(s) U vars(m) (insertion)

for all constants ¢, variables z, function symbols f (of arity n), lists of expressions £ (of length n),
£-expressions s, and lists of £-expressions m.

Now leb us state a proposition relaling the occurs-in relation wilth the vars function.
Proposition (varigbles}: Tor cvery variable y and f-expression s,

y € vars(s) if and only if y = s.

In other words, the elements of wars(s) arc indeed those variables that oceur in s. The prool is by
well-Tounded induction over the occurs-in relalion itself.

SUBSTITUTIONS

Substitulion is the operalion of replacing cerlain variables of an £-cxpression by olher expres-
sions. We begin by giving an informal exposilion ol substitulions; subscquenily we give a formal
treatment of the same notion.

Informaily we will represent a substitution ¢ as a sct of replacements
0= {Il €1, Ty v €3, ...y In *_en}l

where m., Tw, +.., Ty are distinet variables in X and ey, es, ..., e, are expressions such that
e; 7 z;. Thus, replacements of the form ¢ + ¢ are excluded from substitutions, and subslibutions
o! Lthe f'm'm {z +— ¢, x+ ¢} arc nol allowed.
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If z; «— ¢; is a replacement in the substilution @, we will refer to z; as the variable and ¢; as
the ezpression of the replacement. We will denote by

dom(0): the set of variables {z, 22, ..., za}
alfected by the substitution 0,

called the domain of 0, and
range{0) : the set of variables that occur in ey, eg, ..., or e,,

called the range of 0.

The result s « 8 of applying such a substitulion & to an f-expression s is obtaincd by simul-
tancously replacing cvery instance of the variables z;, zg, ..., and z, by the corresponding
expressions ey, €g, ..., and e,.

Tor example, if ¢ is the substitution

{z = f(v), v = g(a,2)},

then
dom(0) = {z, v},
range(0) = {y,z};

furthermore, il 3 is the £-expression
[z, [gla,2), 1],

then the result 8«8 of applying & to s is
[ f(w), [9la, F(¥), gla,2)]].

Note that the replacements are performed simultancously; thus, the variable ¥ in f(y) above was
not replaced by g(a, z) even though ¢ contains a replacement y + g(a, z).

Let us be more precise. Suppose that S is an alphabet consisting of Lhe constants C, the
variables X, and the function symbols /7, as before.

o (Generation rules

The substitutions are constructed by repeatled applicalion ol Lhe following generation rules.
We define Lhe domain and range sels lor each subslitution al Lhe same time.

e The empty subshitulion { } is a substitution,
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o dom({}) ={},
{

o range({}) = {};

If #1is a substitution,
z is a variable not in dom(#), and
e is an expression distinct [rom z,
then
e the result of adding the replacement z « e to the substitution 4,
denoted by (z « €) o8, is also a sﬁbstitution,
o dom((z + ¢) 0 0) = {2} Udom(0), and
o range((z + €) o 0) = wvars(e) U range(0).

Note that if # = {z| + e1,z2 «— €2, ..., 2, + €.} then (z « e) o # is the substitution informally
denoted by {z « e,z, « e}, ..., T, + €,}. Furthermore,

dom((z «— €)o0) = {z,z1, . yTn}

range((z + ¢) 0 0) = wars(e) Uvars(e,)U ... Uvars(ea).

We call o the addiiion function for substitutions.

Substitutions do not have uniquencss properties; we may regard two substitutions as equal
even though they have been constructed in different ways. We will say that two substitutions are
equal if they have the same ellect when applied to an arbitrary Z-expression. Butb first let us define
morc precisely what we mean by applying a substitution to an £-cxpression.

o The apply function

If 0 is a substitution and sis an £-expression, Lhen the apply function s«fis defined to salisly
the following propertics:

s<{}=s . [empty substitution)
caf=c (constant)
ga((z e e)ol)=c¢ (seme variable)
ya((z e o=y« if sy (distinet variable)
[|«0 =] ‘ (empty list)
(fel)al= fo(l=l) (application)
(som) =0 =(s=0)o(m=0) (insertion)

for all substilutions 0, constanls ¢, variables £ and y, expressions e, lunction symbols f (of arily

n), lists of expressions € (of length n), &-expressions s, and lists of &-cxpressions m.
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Note that, in the same-variable and distinct-variable propertics, we do not require that z and
e be distinct or that z & dom(0) cven though these are condilions on the generation rules for
substilutions. This means that {z + e) o 0 is deflined in these cascs.

I.et us now introduce a simple property relating Z-expressions and subslitutions.
Proposition {monotonicity): Tor all f-expressions s and &', and substitutions 0,

(a) if s ~< 3 then s«0 < 3" <0,

(b) ifs <& then s~0 < s <0,

In other words, the subexpression and proper subexpression relations are maintained afler the
application of a substitution.

s Agreement and equality

We will say that two substitulions #; and 0y agree on an f-expression g if
8401 = 8402.
Now we can define the notion of equality for substitutions. We will say that two subslitutions
0, and 02 are equal, denoted by 0 == 0y, il they agree on all é-expressions; i.e.,

0 =8,
if and only il

g=f; = s-<ly for all {-expressions s.

We assume Lhat the only substitutions are those that have been constructed by a finite
nimber of applicaﬁ'mns of the generalion rules; it follows that any substilulion 0 is a finile sct
of replacements and that the sels domn(0) and range(?) are finite scts of variables. This finiteness
can be expressed formally by an appropriate induclion principle over the substitutions.

o Characterization of domatn and range
Let us state two propositions Lhat characterize the domain and range of a substitution.

Proposition {domain). Tor every substitution # and variable z,

z € dom{#) il and only il z«0# z.

That is, the domain is the sct of all variables allected by the substitution.
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Proposition (range): Tor cvery substitulion § and variable y,

therc exists a variable z such that

y €range() iland onlyif | = dom(0) and y € vars(z<0) |

That is, the range is the set of all variables that may be introdueed by a substitution.

Let us now introduce the notion of the composition of two substitutions.

COMPOSITION OF SUBSTITUTION

We define the composition # © ¢’ of two substitutions # and ¢’ to be the substitution satisfying
the following property:

s<{000)=(sa0)=t

for all é-cxpressions s. In other words, applying the composition # ¢ ' to an f-expression is the
same as applying 0 [irst, and then applying ¢’ to the resuit.

TFor cxarmnple, if

0 = {z + f{y)}

0 = {y + g(a, z), z + b}

and

s = h(z,y,2),
then

s<0=~nr(f{y), v, 2)
and

s<(000) = (s<0)«0' = h{f{y(a, ), g{e,z), 2).

It follows from the delinition that composition has the following properties:

go{}=10 (right empty)
{}o0=0 (left empty)
(0,00;)005=10,0 (0 ¢ 03) (associativity)

for any subslitutions 0, 8y, 2, and 04. Beeause © is associalive, we may write expressions of form
(01 © 02) © 03 and 0; © (02 © 03) as , © 02 © O3 without fear of ambiguily.
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SYNTACTIC CATEGORIES

"We will regard constants, variables, expressions, and lists as being ol distinet “syntactic
categories.”

Definition: Let S be an arbitrary alphabet. Then the syntactic categories of the £-expressions of
S are the lollowing five sets:

o The set € of constants.
e The set X of variables.
o The set consisting of the empty list [].

¢ The set of funclional expressions of form f e £,
where f is 2 function symbol (of arity »)
and ¢ is a list of cxpressions (of length n).

e The set of noncmpty lists of [orm ¢ om,
where ¢ is an £-cxpression and m is a list of f-expressions.

By the uniqueness properties ol f-expressions, every f-expression belongs to precisely one
syntactic category. The power of a substitution to change Lhe syntactic category of an £-cxpression
is severely limited by the [ollowing observalion:

Proposition (syntactic category}): TFor any substitution ¢ and é-expression s,

{a) il sis not a variable
then s and s« @ are in the same syntaclie category.

(b) if eis an expression
then e« @ is an expression.

Note that it is not neecessarily true that, il s is a yariable, then 5«8 is also a variable; it may
be a eonstant or 2 functional expression. [lowever, the converse Is bruc:

Corollary: For any substitution ¢ and Z-expression s,

if saf) is a variable
then s is also a variable,
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THE AGREEMENT PROPOSITION AND ITS CONSEQUENCES

The lollowing proposilion has many useful eonsequences:

Proposition (agreement): Tor all substitutions # and ¢’ and f-expressions s, we have
s« = 3=,
il and only if
for every z, if z € vars(s) then z 40 = z <.
In other words, two subslitutions agree on an f-expression preciscly when Lhey agree on all the
variables of the £-expression.

An immediate conscquence of this proposition indicates what happens when all the variables
ol an ¢-expression remnain unchanged by a subslitution:

Corollary (invariance): For cvery substitubtion & and é-expression s,
safl=3s
il and only if
vars(s) Ndom(0) = {}.
In olher words, a substitution has no effeet on an Z-expression precisely when no variable in the

domain of Lhe substilution aclually oceurs in the £-expression. The proof depends on taking & to
be the empty subsiilution {} in lhe agreement proposition.

Corollary (replacement invariance): Tor cvery £-expression s, expression e, and variable z,

if © & vars(s)

then s« {z — e} = s.
In other words, applying a single replacement to an £-expression has no effect if the variable of the
replacemicnl does not oceur in the é-expression.

Another consequence of the agreemenl proposition provides a uselul characlerization of the
equality belween substitutions. We have defined two substitutions to be equal il they agrec on all
¢-expressions. In lact it suffices to show that they agree on all variables:

Proposition {equality): [For all subslitulions ¢ and ¢, we have

g=10
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if and only if

for every variable z, z <0 =z« f'.

According to this proposition, to prove equality between substitutions it suffices to show that
Lhey agrec on all variables. In lact, it suffices to consider only variables in their dormains:

Corollary (equality): For all substitutions @ and ¢', we have

for every variable z, _
if 2 € dom{0)U dom(0’)| if and only if 9 =17
then z«0 =g« @’

The following proposition relates the addition and composilion functions:

Propostiion (addition composition). For every substitution 0, variable z, and expression e,
(z+— eal)ol0 =(z+ )00

The proof relies on the equalily proposilion.

e The subtraction function

We denote by 0 — z the substitution that has no effect on the variable z, but agrees with 4 on
all other variables. formally, we define 0 — = by the following properlies:

za{f—z)==z
ya{0—z)=y=0 il =5y

for all substitutions # and variables z and y. It follows (by the domain proposition) that
z Q’don(O — 1)

for all substitutions ¢ and variables z and .

Proposition (subtrection): VFor any variable 7, expression e, and subslitution 0, where z A ¢ ,ie,,
z & vars(e), we have '

e<(0 —z):=e=0.

The following proposition enables us to break a substitution down into its component replace-
rments:

Proposition {decomposition): [For every subslitulion # and variable z,

0= (z+ z=0)o{0—z).
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SET-THEORETIC PROPERTIES OI' SUBSTITUTIONS

In this scction, we give some properties thai relate the domain and range of a substitution
with the variables of the £-expressions.

Proposition (variable elimination): Tor any {-expression s, substitution ¢, and variable y,

if y € dom(0) and y & range(0)
then y @ vars(s«0).

Thus, if a variable occurs in the domain of a substitution but not in its range, then the substitulion
will remove that variabie from any £-expression in which it oceurs.

Proposition (variable introduction): Tor any f-expression s, substitution #, and variable y,

il y € vars{s=0)
then y € range(0) or y € vars(s),

L€,

vars(s=0) C range(0) U vars(s).

In other words, il a variable oceurs in an f-cxpression after a substitution, then it was introduced
by the substitution or it occurred in the £-expression originally.

UNIIFIRRS

Supposc that s and &' are £-expressions and ¢ is a substitution of some alphabet § of constants,
variables, and lunction symbols. We will say that ¢ is a unifier of s and &' il

gaf) = s’ «f,

Ezample: 1T
s = gz, 2)
and

s' = gly, f{y))

then the substitution

0={x+y, 2 f(y)}
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is a unifier, becausc
s=0 =s"<0=¢(y, f(y))-
Note that # is not thie only unifier of s and ¢'; e.g,,
M= {z b yb 2z [(b)}
is a unifier, becausc
saX = ' <X = g(b, S());
also,
p=1{y — = 2 [(z)}
is a unificr, because,

34p=s'4p=y(3:f($))‘ B

Not every pair of £-expressions has a unifier. For example, there is no unifier for
s = g(a, b)
and
s' = g(z, z).
IFor the result of applying any substitution # Lo g{a, ) will be the expression .
g(a, b)

itscll, in which the arguments are distinct. On the other haud, the result of applying @ to g(z, 1)
will be an expression of form

g(e, €),
in which the arguments are idenlical. These two results can never be Lhe same.

Two {-expressions will be said to be unifiable il they bave (at least one) unifier. Thus, g{z, 2)
and g{y, f{v)) are unifiable, but g{e, 8) and g(z, z} arc not.

The lollowing propositions characterize the unifiers for different categories of £-expressions.

Proposition {epplication unifier): Tor any funclion symbol f (of arity n) and lists £ and & {of
length n), we have

X is 2 unificrof fefand fef
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if and only if

X\ is a unifier of £ and #.

Proposition (insertion unifier): For any f-expressions ¢ and ¢’ and lists of expressions m and m/,
X is a unifier of tom and ¢/ o m/
if and only il
X is a unifier of ¢ and ¥
and
X is a unifier of m and m’.

GENERALNESS
We will say that a substibution 0 is more general than a substitution X, denoted by £ > .. A
or A Xyen 0, if there exists some substlitution 1 such that
A=102C .

In this case, we will also say that X\ is an instence of 0.

Erample:
The substitution
0={y b}
is more general Lhan the substitution
A={z +aq, y—b}
1.e, 0 > gen N, because (taking 9 to be {z « a} in the definition)
A=0¢ {z + a}.
In olher words, A is an instance of . @
Note thét, according to our Lerminology, a substitution is always more general than itsclf, ze.,
0 >gen 0 (reflezivity)
for every substitution 0. Also, the empty substitulion is more general than any substitution, de.,
{} Zgen 0 ' (empty)

for every substitution €.
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MOST-GIENERAL UNITIERS

We have observed that there may be several distinet unifiers for a given pair of £-cxpressions.”
In fact, any instance of a unifier is also a unificr.

Proposttion (instance of a unifier): For all substitutions ¢ and X and f-expressions s and ¢/,

il 0 is a unifier of 5 and &'
and 0 >gen A
then X is o unifier of s and ¢'.

Definition: A substitution 8 is a most-general unifier of two f-expressions s and s’ if

e 0 is a unifier of 5 and #'; 1.e.,
s =5 =0,

and

e (0 is morc general than any other unifier of s and s'; de.,
ifseX =3 <)
then & >gen A
for any substilution A.

Combining the above proposition and definition, we sce that the uniliers of two Z-cxpressions
arc precisely the instances of a most-gencral unifier.

Corollary (most-general unifier): For all substitutions § and X and f-expressions s and ¢/,

¢ is a most general unifier of s and &'

il and only if

X is a unifier of s and ¢
il and only if
0 > gen A

Ezample:
We have scen that the two f-expressions
s = g(z, z)

and

' = g(y, [ (9))
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have many unifiers; e.g.,

0={z+y, 2z )},
A= {z+ b,y bz f(b)}, and

pz{yd—x, Z I(I)}

It turns out that # is a most-general unifier of s and 8’. In particular,  is more general than
A and p, because

A=00¢ {y+~ b}
and

p=100 {y + z}.

The unifier X is not most-general. In particular, A is not more general than 8; d.e.,
N
for any substitution 1. I'or instance,
T4 =1y
but (by the definition of composition and the censtant property of the apply functi(;n -

r4(NC Y] = (zal)ay = barp = b y.

Most-general unifiers are not unique; for example, the above substitution p is also a most-
general uaifier of 3 and 8. In particular, p is more general than 4 and X, because

0=p0 {2z y}
and

A=po {z« b}

The lollowing proposition concerns the unifiers of a variable and an expression:

Proposition (variable unifier): [or any variable z and cxpression e such that ¢ 4 ¢, we have

{z + e} is a most-genecral unifier of = and e. .



We include the proof of this proposition, because it is not straightforward and because it may
be regarded as an integral part of Lthe synthesis of the unilieation algorithm.

Proof:

It suffices to show {by the most-general unifier corollary) that, for an arbitrary substitution
A

X is a unifier of z and e
il and only if
{'—U — e} tgen A,

i.e. (by the delinition of the generalness relation > g.n),

TaX=g=)
il and only if
= {z + e} & \* for some substitution \*.

Ou the one hand, if
A= {z+e}o
for somme substitution ¥, then

za\ = z<({z+ e} o))
— (e{z P

by the definition of composition

= ca)*

by the same-variable property ol the apply function «,

and
ga) = eq({;u — e}q)\*)
= (e - {r e})q)\*
by the definition of composttion
= eq)\*
by the replacement invariance corollary, because ¢ & vars(e).
In short,

Tl == gaX,



On the other hand, suppose
TAN==cal,
Then

A = (z+—zaX)o(h—12)
by the decomposition proposition

= [z+eaX)o[h—2)
by our supposition that z4X = e« )

= (a:{— ee(X— z))o()\—z)
by the subtraction proposilion, because z # e

= [z« e}O(h~1)
by Lhe addilion composition proposition.
Therclore, if \* is taken to be A — z, we have
A= {z —e} o

as we had intended.

This concludes the proof. §
IDEMPOTENT SUBSTITUTIONS

We will say that a substitution @ is idempotent if it has the special properly that

0:=000.

Ezxample:
The substitution
0 ={z+ f(y)}
is idempotent, because

000 ={z— fly)} ¢ (=~ fly)}
= {z « f{y)}
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= 0.
On the other hand,
4= (= /(=)

is not idempolent, because
$0¢ ={z— flz)} o {z « fz)}
= {z +~ J(/(=))}
#¢. U
The property of idempotcnce is characterized by the lollowing proposition.

Proposition (idempotence): A substitution is idempotent if and only if its domain and range are
disjoint; z.e.,

g=000 ifandonlyil dom(0)Nrange(d)={},

for all substitutions &.
MOST-GENERAL, IDEMPOTENT UNIFIERS
Let us return to the example at the beginning of this scection.

Erample:
We have scen that the two £-expressions
s = g(z, 2)
and
¢ = g(y, f(3))
have among their most-general urﬂﬁers the substitutions
0= {z+y z+ f{y)}

and

p={y =, z+ f(z)}.



Both of these substitutions happen to be idempotent, ie.,
=000 and p=poO p.
However, not all mdst-gencral unifiers are idempotent.
IPor instance, the substitution
d={z ez z « f(z), y — 2}
also turns out to be a most-gencral unifier of 5 and s'. It is a unifier, because
s<b = o(z, /(2) = o<
It is more general than the most-general unifier ¢, because
0 =¢ o {z —y}
But ¢ is not idempotent, because
z € {z,y,2} = dom(¢)
and
z € {z} = range(d); : .
therelore

dom{¢) Nrange($) = {2} # {},

and hence (by the idempolence proposition) ¢ is not idempotent. g

Most-general, idempotent unifiers have some properties we will find uselul. '

Proposition {most-general, idempotent unifier): 0 is a unifier of two f-cxpressions s and s/, then
0 is most-general and idempotent
il and only il

for every unifier Aol s and ¢/, XA =00 X,

Proposition (domain and range): Il 0 is a most-general, idempotent unifier of two £-cxpressions s
and ¢/, then

(a) dom{0) C wvars(s)U vars(s’)

(b) rangc(0) C wvars{s)U vars(s').

In other words, the only variables that may appear in € are those that occur in 5 or s'.
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THE UNIFICATION ALGORITIIM

A wunification algorithm is a procedure for finding a most-general, idempotent unifier for two
f-expressions, if any unifiers exist at all. Otherwise, it produces a special symbol nil, which is
assumd to be distinck [rom any substitulion.

The specilication for the unification aigorithm may be expressed as lollows:

unify(s, s') & find 0 such that
0 is a most-gencral, idempotent unifier of s and 5" and
0 £ nil
or
s and s’ are not unifiable and
0 = nil

for all f-expressions s and s'.

According lo the deductive approach, bherefore, we must prove the existence of an output 0
satis[ying this specification; t.e., we must prove the following theorem:

[? is a most-general, idempotent unifier of s and s’ and]
0 £ nil
(Vs)(vs')(30) or

s and s’ are not unifiable and

0 = nil |
[n other words,
[s 40 = s5' <0 and (0 is a unifier )]
(VA)[if s<X =3s" <)\ then 0 > en N and (0 is most-general )
0 =000 and (0 is idempotent )
(Ys)(Va')(30)| 0 7% nil
or
(VA)[s <X 3£ s" )] and (s and s" are not unifiable )
L0 = nil |

This Ltheorem will also establish that, il two £-cxpressions are unifiable, they have a most-general,
idempot.nt unifier.

Before we give the proof of the theorem, let us look ahead at the program we will ultimately
extract from the prool. ['or clarily, we present the program as a set ol properties of the unify
function; actually the deduclive approach will produce the corresponding LISP-like applicative
program. Of course, Lhese propertics will not be available to us during Lhe proof.



¢ general

s constant

e variable

e funection

For all é-expressions s and s”:
unify(s, s’) = {} il s =135 (same)

unify(s, s') = nil (distinct)
if s and 3’ are nonvariables in distinct syntactic categorics.

For all constants ¢ and ¢:

unify(e, ¢’') = nil if ¢ £ ¢ (distinct)

For all variables z, cxpressions ¢, and lists of £-expressions m:
unify(z, e) = {z — e} ilz #Ae (not-in, left)

unifyle, z) = {z — e} (not-in, right)

if £ Ze and e is not a variable
unify(z, e) = unifyle, ) = nil ifz <e (tn)

unify(x, m) = unify(m, z) = nil (list)

For all funclion symnbols f and f' (of arities n and =/, rcspectivelj)
and alt lists of expressions £ and ¢ (of lengths n and %', respee-
tively):
unify(f e £, [/ o t') = unify(¢, &) it f=f' (same)

unify(f e £, [/ e ¢') = nil it f=£f (distinct)

27
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o list

For all f-expressions ¢ and ¢ and all lisls of £-exprassions m and m':

let Ohd - unify(t, t’)
if Ohd = nil

then unify{t o m, t/ om’) =nil (no)
clse let 0y = unify(m <0pq, m' <0p4) '
it 0, = nil
then unify(tom, t o m’) = nil (yes-no)
else unify(tom, t/ o m’) = 0pq © Oy (yes-yes)

In expressing the list propertics, we have used the notation

letz=a

P(z)
as an abbreviation lor
P(a).

The virtue of this notation is that if P(z) has many instances of z and if @ is a lengthy expression,
we would be required to rewrite @ many times in writing ’(¢). Thus, without this abbreviabion,
the final equalily above would read

untfy(tom,t’ om’) = unify(t, t') © um:fy(m aunify(t, t'), m’ e unify(t, ¢')).

In Lhe list properlics, for easy reference, we have given separate names lor the three equalities.
The no property corresponds to the case that 0pg = nil, Lhe yes-no property to the case that
Ona 7~ ntl and 0, = nil, and the yes-yes property to the case thal Opg 7% nil and 0y 7= nil.

Now let us examine a proof of the theorem to see how the above program can be constructed.

The prool is by well-founded induction over an ordering <un between pairs {5, &) of &
expressions. Rather than choose this ordering in advance, we will proceed with the prool under
the assumptlion that a satisfaclory well-founded ordering can be defined. Alterwards Lhe proofl will
motbivate Lhe definition of an appropriate ordering < ur.

For two arbitrary f-expressions s and s', we wanl to find an oulput 0 that will satisfy the
specification for s and s'. In other words, we want to prove the conclusion

(340 = 5«40 and
(YN)[if sah=2s"aX then 0 >4en N\ and

0 =000 and
P(s,s'): (30)[0 # nil
or

(VX)[s <) 5% ¢'«)\] and
L0 = nil
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We will be pleased il 0 satisfies cither of the two disjuncts in this desired conclusion.

As our induction hypothesis, we assume that the program unify{r,r’) that we are trying to
construct will satisly its specification for all inputs r and 7” such that the pair {r, '} is strictly less
than (s, s’) in the selected ordering < ,,. In other words, we assume

if {r, 7'} <un {3, 9)

[r wunify(r, ') = r’ <unify{r,r’") and .
(YNNaf 7<X = 1" <X\ then unify(r,r'} > 4en A\ and
unify(r, ') = unify(r, '} © unify(r,r’} and

then |unifu(r, '} # nil

or
(VA)[r <X 5 ' <)\ and

Lunify(r, 7'} = nil

lor all £-expressions r and 7/,

The proofl distinguishes among several cases, corresponding to the properties of the apply
function <. At the end of each case we will give the property of the unify funclion provided by the
proof. Together these properties constilute the final program.

GENERAL CASES

Case (same). s = s'.
Then any subslitution @ is a unifier, .e.,

saf = g «f,

e To find a unifier that is most-general, z.e., such that
(YA)[if saX=35 <X then 0 >, N],

we note Lhat {in this case} any substitution X salisflics Lhe antecedent s« X\ = s’/ «X. Therelore, ¢
must have the property that

0 > gen A
fer any substitution A. The empty property ol the most-general relation > 4.y, t.e.,
{} Z.-gcn A

for any subslitution X, suggests Lhal, in Lhis case, to satisly the first disjunct of the desired
conclusion P(s, s'), 0 can be taken to be the emply substitution {}.
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e The empty substitution {} is idempotent, i.e.,

{+=1{o{h
by either of the empty properties of composition.

¢  We ignore the final requirement, that {} % ntl, because any substitution is distinct from nil.

Therelore, the empty substitution {} is a most-general, idempotent unifier of s and s', and
satisfies the first disjunct of the desired conclusion P(s, s’) in this case. :

unify(s, s') = {} il s=34

Case (distinct): s and ¢’ are nonvariables of distinct syntactic categories.

Then we can show that s and s’ are not unifiable, z.e.
g4 F s 4},

for any substitution A. To see this, let A be an arbitrary substitution. Recall that, because s and
s’ are not variables, we have (by the syntactic-categories proposition) that

g <X is in the same syntactic category as s,

s’ 4 X is in Lhe same syntactic category as &/,
and thercfore

s<X and s’ <X are in distincl syntaetic eategorics.
Ience,

sal F g’ al;
t.e., s and s’ are not unifiable.

IL follows that, in Lhis case, we can salisfy the second disjunct of the desired conclusion P(s, ')
by taking 0 Lo be ntl.

unify(s, s') = nil

il s and s are nonvariables ol distiuct syntactic categories
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" CONSTANT CASE

Case (distinct): s and s’ arc distinct constants ¢ and ¢’ respectively.
Then we can show that ¢ and ¢ are not unifiable, ‘e.,
caX st -

for any substitution X, For, let A be an arbitrary substitution. Then (by the constant property of
the apply lunction),

cCA)N=CcC
and

o <h=¢.
But, since ¢ 7 ¢,

c4X ¢l -k
.e., ¢ and ¢’ arc not unifiable. . .

It follows that, in this case, we can satisly the second disjunct of the desired conclusion P{c,c’)
by taking ¢ to be nil.

unify(c, c’) = nil il c#£¢

VARIABLE CASES

Case (not-in, left): s is a variable z, s’ is an expression e, and z Ae.

o  We want to find a most-general unifier of z and e. However, by the variable unifier proposition,
{x + e} is a most-gencral unifier of z and e. This suggests taking

0 to be {x + e}.

e  We also want 0 = {z + e} to be idempotent, Ze., that
{r—c}o{z — e} = {z ~ e}
We show the equivalent condition {by the idempotence proposition) that

dom({{z +~ ¢}) Nrange({z ~ c}) = {}.
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We have (from the definition of the domain and range),
dom{{z « e}) = {z} and
range({z — e}) = vars(e).

Because = A e, i.e. (by the variables proposition) z & vars(e), we have
dom({z « e}) Nrange({z + e}) = {z} Nvars(e) = {},

as we wanled to show.

We have succeeded in showing that {z + e} is a most-general, idempotent unifier in this case.

unify(z, e) = {z « e} il z Ae

Case (not-in, right): s is an expression e, s’ is a variable z, not z < e, and e is not a variable.

As in the previous case, we find that {z « e} is a most-genecral, idémpotcnt unifier of e and =.
The condition that the first argument e not be variable is not required in the proof; it is included
because the possibility that s and s’ arc both variables is covered by the previous case.

unifyle, z) = {z + e} il z Ae and e is not a variable

Case {tn}. s is a variable z, 8’ is an expression e, and z <e.
¥ H

In this case, we can show that z and e are not unifiable. To sce this, let A be an arbitrary

substitulion. Because z < e, we have (by the monotonicity proposition)
z4X < ea)

and hence (by the irreflezivity of <)
TAXN F eal,

Therefore, z and ¢ are not unifiable and we can satisfy the second disjunct of the desired conclusion
P(z,e) by taking @ to be nil.

!

The symmelric case, in which s is an expression ¢, §' is a variable z, and £ < ¢, is treated

similarly.

unify(z, e) = unifye,z) = nil il z<e
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Case (list): s is a variable z and ¢’ is a list of £-expressions m.

In this case, we can show that = and m arc not unifiable. To see this, let A be an arbitrary
substitution. Then (by the syntactic categories proposition), z <X is an expression but m <X is a
list of é-cxpressions; hence (by the disjointness of the syntactic categories)

T4X F meak;

t.e., = and m arc not unifiable. Therefore, we can satisfy the seeond disjunct of the desired
conclusion Pz, ) by taking ¢ to be nzl.

The symmetric case, in which s is a list of f-expressions m and s’ is a variable =, is treated

similarly.

unify(z, m) = unify(m, z) = nil

FUNCTIONAL CASES

Case(same): s and s are functional expressions f o £ and /' o &, respectively, where f = f'.

Recall that (in this case) we are attempting to prove the conclusion

P(fet, [et)
t.e., we wanl to lind an output & such that

(fel)ald=(fol)=0 and
(YN)[of (fol)ax=(fol)a) then 0 >4.n )| and
=08 and
0 # nil
or
(VA)[(fo &) aX £ (fot)a)] and
0 = ntl.

This reduces (by the application unifier proposition) to finding an output  such that

() L= ¢ <0 and
(VA)[if £aX =1t <X then 0 > ,.n N and
0=0¢0 and '
0 7= nil
or
(VA< X 52 & <)\ and
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0 = nil.

Recall that we have assumed as our induction hypothesis that (in this case)

Plr,e"): if {r, v} Kyn (08, fo?)

[+« unify(r, v’} = ¢’ <unify(r,r’') and

(YN[ 7\ =1+" <X then unify(r,r') > gen \| and
unify(r, v’} = unify{r, ') & unify{r,?') and

then |unifyl(r, ') 7% nil

or
(Y\)[r<X £ ' «)] and
Lunify(r, ') = nil ]

for all ¢-expressions » and 7.

The required condition () and consequent of the induction hypolhesis are identical if we take
T to be £, v’ to be £/, and 0 to be unify(f, £'). Thercfore, we can satisly the conclusion if we can
establish the appropriate instance of the induction hypolhesis’s antecedent, ze.,

{6, ) <un (fol, fol). (application ordering)

The well-founded ordering <., will be chosen subsequently. Assuming it will satisfy this condition,
we have found that the desired conclusion P(f e ¢, f e £') in this case is satisfied if we take ¢ to be
untfy(£, ).

unify(f o £, [ o &) = unify({, ¥) it f=f

Case (distinct): s and s are [unclional expressions fe £ and f' & &, respectively, where f 5% f/.

In this case, we can show Lhat feZand f’e £ arc not unifiable. For any arbitrary substitution
\, we have {by the application properly of the apply function)

(fo)ar = fa(ea))

and
(f-" s )l = [fle(la}).

Because f and f’ arc distinct, we have (by the uniqueness properties of £-expressions),
Jo(t=d) 7~ [le(l/ <)),

and hence

(fol)ah £ (flel)a
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Thus, f ¢ £ and f' e £ arc not unifiable.

Therefore, in this case, we can satisfy the second disjunct of the desired conclusion if we take
# to be nil.

unify(f o4, fle&)=mnil il f3# [

LIST CASES

In all of the list cases, s and s’ are noncmpty lists £om and t' om’, respectively, where ¢
and ¢ are £-expressions and m and m’ are lists of {-expressions.

Reeall that (in the list cases) we are attempting to prove the conclusion
P(tom, t' o m');

i.e., we want to find an output 4 such that

(tom)«f=(tom/)«d and
(WA)[if (tom)<X={(t om!)=X then 0 >4 N and
0 =000 and
0 £ nil
or
(VX)[(t o m) <X 5~ (¢ om') « )] and
0 = nil,

By the Insertion Unifier Proposition, this decomposes into finding # such that

() (1) t«0 =1t <0 and (head unifier)

(2) m<f=m'«0 and ' {tatl unifier)
C — [ !
(3) (¥a) Z’;e(i °0m>)_4>\ )\—] (#om) X and (most-generalness)
_gen
(1) 0 =000 and (idempotence)
5) 0 nil ' nonnil
(5)
or

(6) (YA){taX £t aX or m<«XZ m' «)\] and (nonunifiability)
(7) 0= nil. (nil)

The separate condilions of (*) are numbered lor future relerence. We attempt to cstablish condi-
Lions (1) to {5) or, alternalively, conditions (6) and (7).

Receall that we have assumed as our induclion hypolhesis {in this case)

Plr, ") . if {r,7") <un {tom, t' om’)
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[r < unify(r,r') = v’ «unify(r, r') end
(VA[if 74X =1"<) then unify(r,7') > gen N and
unify(r, v’} = unify(r, v’} O unify(r,v’) and
then |wnifulr,r’) 7% nil
or
(VX)[r <X 3£ 1" 4] and
L unify(r, ') = nil

for afl £-expressions r and 7/,

Let us compare this induction hypothesis with our required conclusion (#). A natural approach
would be to observe that one of the [irst two conditions, say the tail unifier condition (2),

m-f =m'9,
is identical to the condition that
r wunify(r, ') = v’ < unify(r,r’),

asserted in our induetion hypothesis, if we take r to be m, v’ to be m’/, and 0 to be unify(m,m’).
{lowever, we still would have to show the head unifier condition (1),

ta0 =1t a0,
e,
t 4 unify(m, m') = t' < unify(m, m’).

But this condition is not nccessarily true: a unifier of m and ™/ nced not be a unifier of ¢t and ¢,
Thercfore, we would lail to prove the condition.

An attempt to do the same for the head unifier condition (1),
tw =t <0,

would fail for the same reason; these two required conditions are symmetrie.

A less straightforward approach is to observe that one of the first two condilions, say the tail
unifier condition (2),

m-0=m'«0,
is also equivalent to the same condition of the induction hypothesis
rwunify(r, ') = v’ < unify(r, r')

under a more complex substitution than we considered earlier.
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Proof of the tail unifier condition (2):
Recall the delinition of the composilion of substitutions
m* a(0pa0 0y) = (Mm* «0,4) <0y

for all £-expressions m* and substitulions 0n4 and 0y. (We have renamed the variables to reflect
the way we inlend to use them.)

Applying Lhis equalily to the left-hand side of our required condition

m-=1m <0

(taking m™ to be m and 0 to be Okg © 04), we obtain the condition
(m 40y} 20y = m' 4 (05a O 0y).

‘Applying the same cquality to the right-hand side (taking m* to be m') yields the condilion
(m 40y} 40y = (M «0ka) «0y.

This condition is identical to the condition in our induclion hypothesis
r aunify(r, ') = r' aunify(r, v’) : N

if we take 7 to be m =<0k, 7’ to be m’ « 0,4, and 0y Lo be unify(m < 0ky, m' <0k4).

Let us retain the abbreviation 8, for the term unify(m=0ny, m’«0,4). Thus, the above match
has suggested taking

0 lobe 0rgo 04,
where

O is unify(m «0pa, m' «0p4)
and ¢ is any subslitution.

Let us rewrile the induction hypothesis for this case, making the substitutions suggested by
the above match:

if (malng, m'40,3) <un {tom, ' om’)
[(m-bpg)a0y = (m' <0p3) <0y and T
(YN)if (mafpg) <X = (m' «0z) <) then 0y >0n \] and
0y =040 0y and
then |0Ou 7 mil

or :
(YA (m w0py) <X 5= (m/ alpy) < )] and
L&y = ntl
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We will refer Lo this as the tedl induction hypothesis.
To apply this tail induction hypothesis, we must establish
e the antecedent
(8) {nalpg, m'«0py) <un {tom, t om'), (tadl ordering)
to ensure that the consequent of the tail induction hypothesis will be true;
e the condition
(9) Ou = nil, ': (tail nonnil)

to ensurc Lhat the sccond disjunct of the consequent of the tail induction hypothesis will
be lalse, so that the first disjunct must be true.

Regardless of the cholce of 0,4, this will establish Lthe tail unifier condilion (2) of the required
conclusion (#). We must also cstablish Lhe head unifier condition (1), Lthe most-generalness condition
(3), and the idempotence condition {4), where 0 is taken to be 0py © 0. We know 0pq © 0y will
satisly the momnil condition (5), since any substitulion is distinet [rom nil. [n cases where we
fail Lo establish one or more ol these conditions, we can alternatively attempt to cstablish the
nonunifiability condition (6) and the nil condition (7) of the required conclusion (), taking 0 to be

nail.

We cousider these conditions one by one, but not in the given order.

Proof of the head unifier condition (1):

We must [ind a subshitutipn Ong such that Grg © 0y is a unifier of ¢ and ¢; 7.e., that

ta{0ny O 0y) =t/ «(0pg © 0y),

or, equivalently (by the definition of composition), that .
(t- Ohdj aly = (/! «0py) a0y,

It thl.lS sullices Lo find @4 such that
tal0pg = t' 40pq.

We observe Lhat the above condition is identical to the condition that
raunify(r, r') = ' wunify(r, '),

asserted in our induclion hypothesis, il we lake 7 to be ¢, #/ to be ¢ and Oxyq to be unifyft, ¢'). We
rebain Lhe abbreviation

Ona is unify(t, t').
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Let us rewrite the induction hypothesis for this case, making the substitutions supgested by
the above match:

if {t, #) <yun {tom, t om)
-t - Ohd - t’ - Ohd and
(VA)[#f t«aX =t <X then Opa > yen A] and
Ong = 0rg © Ong and
then |0nd 7 nil
or
(YAt X 5= ¢ 4} and
.ohd = m[

We will refer to this as the head induction hypothesis.

To apply this head induction hypothesis, we must establish
e the antecedent
(t, t'} <un {tom, t om’), (head ordering)
to ensure bhal the consequent of the head induction hypothesis will be true.
o the condition
Ona 7= nil (head nonnil)

to ensure Lhal Lhe scecond disjunct of the consequent of the head induction hypothesis will
be lalse, so that Lhe first disjunct must be true.

As usual, we defer discussion of the head ordering condition, that
{t, t) Lun {tom, t' om),

until we have accumulated all such condilions, so thal we can define an ordering <., Lo salisly
Lhem all at once.

The head nonnil condition fh4 5= nil is not necessarily truec: ¢ and ¢ need not be unifiable.
Let us now consider the alternate possibility.

Casefno} 0pg = nil.

Then, by our head induciion hypothesis, ¢ and ¢’ are nol unifiable; Z.e.,

taX 2t an
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for all substitutions . Therefore, we can satisly the nonunifighility condition (6) and the nif
condition (7} of the required conclusion (#), in this case, by taking ¢ to be nil.

unify{t o m, t' o m') = nil il Opg = nil

Case: 0pq 5% nil.

That is, unify(t, ¥) % nil. In this case, our hcad induction hypothesis establishes that 0p4
is indced a most-general, idempotent unifier of ¢ and ¢, and thercfore the head unifier condition
(1) is satisfied. It remains to show the tail ordering condition (8) and the tail nonnil condition (9);
these conditions ensurc that we can apply the tail induction hypothesis to establish the tail unifier
condition (2) of the required conclusion (*). It also remains to show the original most-generalness
condition (3) and idempotence condition (4). As usual, we assume that we can establish the ta:il
ordering condition (8), and so deler its proof.

Proof of the tail nonnil condition (9):

The condition that 8 5% nil, fe., unify(m <04, m' <« 0rq) £ nil, is not nccessarily true:
m=0sg and m’'«0xg need not be unifiable. Let us consider the alternative possibility.

Subcase (yes-no): 8y = nil.

That is, unify(m < 0pq, m' «0r4) = nil. Then, by our tail induction hypothesis (where » and
7/ were taken to be m<fys and m' <04, respectively), m<0ra and m’«0ys are not unifiable,
te.,

(m = 0ra) =\ 3£ (m’ <0ra) <),

for all substitutions X. We establish, in this case, the nonunifiability condition (6), that (YA)[t<X 5£
t' «X\ or m<) £ m' «)]. For suppose, to the contrary, that, for some substituticn X,

tad =t 4},
t.e., A is a unifier of ¢t and ¢, and
max = m/ <},

i.e., Ais a unifier of m and m'.

Because X is a unifier of ¢ and ¢ and because Orq is a most-general, idempolent unilicr of ¢
and ', we have (by the most-general, idempotent unifier proposilion)

AN = 0paC A.
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Hence, because A is a unifier of m and m’, i.e., md); = m' <4}, we have
ma(lpg © N = m' «(0ha O N),
or equivalently (by the definition of composition)
(malpg)aX = (m' «0zq) <.
Ze., A is a unificr of m <0py a.nd m' 40pq . But this contradiets our earlier finding, that m «0py4

and m' 40,4 arc not unifiable. Hence, the nonunifiebility condition (6) is established and, in this
case, we can establish the required conclusion {(*) by taking 0 to be nil.

unify(t o m, t' o m') = nil il Orq 54 nil and 0y = nil

Subcase (yes-yes) Oy 5 nil.

That is, the teil nonnil condition (9), that unify{m «0sq, m’ «0y4) 5= nil, is true. Let us again
retrace our steps, to see what we have established.

Since we have assumed Lhe tail ordering condition (8), we know that the consequent of the tail
induction hypothesis is true (where 7 and 7’ were taken to be m=0pq and m'«0,4, respectively.)
Because (in this case), the tail nonnil condition (9) is true, we know that the sccond disjunct of the
consequent is false, and that therelore the {irst disjunct must be true. This implies Lhat 0, is a
most-general, idempotent unifier of m<0pq and m' «0pg, and hence (by applying the definition
of composition twice) that 0pq © 0y is a unifier of m and m'. This establishes the tail unifier
condition (2), which was our reason for applying the tail induction hypothesis in the first Vplace.

Proof of the most-generalness and idempotence conditions (3 and 4):
It still remains to show the most-generalness conditi‘on {3),
(VA[Zf [tom)=x = ( om) 4)1 then (Ong © Ou) > gen A
and the idempotence condition {4), that

014 © Oy = (0na © 0) ©(0ra © Ou).

For this purpose, it suflices {by the most-general, idempotent unifier proposition) to show the
single eondition that
if (tom)ah={(tom!)=)
then A = (Ohd Lo} OH) O A
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i.e. {by Lhe inscrlion unifier proposition),

if tax =1 4\ and mal =m' <)

then h = (0;,,1 & ON) O A

Suppose that X is an arbitrary subsbitution such that
tah =1 a)

and
mah=m' <\,

We would like to show that then

h= (ghd & 0;1) O A

Because N is a unifier of ¢ and ¢/, and becausc 0rq is 2 most-general, idempotent unificr of ¢
and #/, we have (by the most-gencral, idempotent unifier proposition, again) that

A = 0ha o\
Thercfore, because m «x = m/ <X, we have
m=[0pg O N\) = m' (04 O N),
i.e. (by the definition of composition),
(m<0pg) X = (m! «fy4) =)

In other words, M is a unifier of m 40,4 and m’ <054,

Bul then, because §;; is a most-general, idempotent unifier of {rnqﬂhd and m’ 40,4, we have
(by the most-general, idempotent unifier proposition, yet again) that

A= 040\
Therefore,

A= 0pgON = 0rg O (Bt ©X) = (0ra © 0u) O M
In short, we oblain the condition,

A= (0ra © 0y) O N,

that we wanted to show.
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We conclude that 04 © 04 satislies the most-generalness condition (3) and the «dempotence
condition (4) of the required conclusion (), and thus in this case we are jusiified in taking @ to be
Oha © Ou.

unify(to m, t' om') = Opq © Oy il Ong 54 nil and Oy 54 nil

This concludes the final case.

THE ORDERING

We have deferred the choice of an ordering <., to satisfy the ordering conditions we have
accumulated during the proof. The choice of this erdering is not so well-motivated formally as the
other steps of this derivation. The ordering conditions to be satisfied by <, are as lollows:

the application ordering condition
(£, 8) <un (fot, [ot),
the head ordering condition
{t, t) <un {tom, ¢ om'),
and the tail ordering condition
(<0, m' 4 0pg) <un (tom, t/ om')

for all function symbols f, lists of expressions € and &, f-expressions ¢ and #, and lists of &
expressions m and m/, where Ong 5= nil, te., unify(t, t') 5% nil.

It would be natural to attempt to use as the definition of <, the subexpression ordering
upon one of the Llwo arguments. Ilowever, il we take <., to be, say, the ordering <, upon the
first argument, defined by

(r, 7'} <1 {s, ¢')
if and only il

T =<3,

it will satisly Lhe first two of these conditions, and will sakisly the third condition in the case that
m=0py = m. However, this ordering may [ail to satisly the third condition if m-=0,4 5% m, beeause
m <0ky may no longer be a subexpression ol £ o m, and may in facl be much larger. For example,
il :
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t' is g(a,y,b)
and

m is [f(z,z,z)];

m' is (2]

then

tom is [z, f(z,7,7)

tom' is [g(a,y,b), 2]
In this case

Ong is {7+~ g(a,y,b)}
and

m- ohd is [f(g(a, Y, b): Q(ﬂ, X b)l g(ar Y, b))]

m'al,y is [z].

Thus, m <04 is not a subexpression of ¢ o m; indeed, it is quite a bit larger.

In the case that m a4 ;é m, however, it can be shown that the variables of m 0,4 and
m’ 4,4 arc a proper subsect of the variables of £om and ¢/ o m’; te.,

vars{m 4 0p4) U vars(m’ < 0ry) C  wers(t o m) U vers(l’ o m’).

In other words, 04 removes variables [rom m and m’ without introducing any that are not in tom
or ¥ om’. Thus, the ordering < yzrs, delined by '

{r, 7'} <vars {5, &)
if and only if
vars(r) Uwars(r’) C  vars(s) U vars(s’),
will satisly the tail ordering condition in this case. Thus, in the above example,
vars(m=0,a) U vars(m/ 4 0p4) = {y,2}

and

vars(tom)Uwvars(t om!) = {x,y,z2},
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and hence

(m"ohd; m"‘ohd) < vars (to m, ¢ Om’).

However, this ordering will {ail to satis{y the first two conditions of <., and will also lail to
satisfy the third condition in the case that m « 0,y = m and m' 40,y = m’. For example (by the
application property of vars),

vars(8) = vars(f » £)

vars(#) = vars(f o )
and hence

vars(£) U m(er) = vars(f e £) U vars(f e &),
ie.,

not [{€,8') <vars (fe £, fol)].

In other words, the first condition, (£, &) <.n (f ® £, f e £'), is never satisfied under the =<4,
ordering,.

The suceessful ordering <, is a lexicographic combination of these two orderings <., and
<1, defined by the property

{r, ') <un {3, &)
if and only if

vars(r) Uvars(r’) C wvars(s)U vars(s’)

or

vars(r) Uvars(r’) = vars(s)Uvars{s’) and r <s.

e To sec that, under this definition, the application ordering condition,
{8, Y <un (fol, fol),

is satisficd, note that (as we mentioned above)
vars(£) Uwars(f) = vars(f » &) Uvars(f o £')

and (by a component property of <)

E<fel
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Hence, by the definition ol the ordering < un, the application ordering condition is indeed satisfied.
e To see that, under this definition, the head ordering condition,
{t, ¢) <un {tom, t' om},
is satisfied, note that {by the insertion property of vars] .
vars(t) C wars(t)Uwvars(m) = wvars(teom)
vars(t) C wars(t)Uvars(m’) = wvars(t’ o m'),
and hence
vars(t) U vars(t’) C  vars{t om)U vars(t' om').
In case the inclusion is proper, i.e.,
vars(t)Uvars(t’) C  wars(tom) U vars(t’ o m'),
we have
{t, ¢/} <un {tom, t/ o) : .
immediately. On the other hand, il the Lwo sets are equal, ie.,
vars(t) U vars(t’) = wvars(t o m)U vars(t' om’},
we note that (by a component property ol )
i < tom.

Hence, by the delinition of the ordering < un, Lhe head ordering condition is also satisfied in this
case.

e I’inally, we must show that the {a#l ordering condition,
(m0pa, m' < 0pg) <un {fom, ¢ om’),
is satisfied, where 0rq4 = unify(t, ¢) 5= nil. Iirst, we have

vars{m < 0x4) U vars(m’ «0,,)

C  wars(m) U range{0rqa) Uvars{m') U range(0na)
by the variable introduction proposition

= vars(m) Uvars(m')U range(0pq)

C  wars(m)U vars(m’) U vars(t) U vars{t')
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by the domain and range proposition,
because @4 is a most-general, idempotent unifier for £ and #

= wvars(tom)Uvars(t om')
by the insertion property of vars

In short,

vars{m <0zq) Uvars(m’ «0gy) C vars(t o m) U vars(t’ om').

By the definition of the ordering <., , we must cither show that this inclusion is proper, i.e.,
(*) vars(m «0pq) Uvars(m’ «0ng) C  vars(t o m) U vars(t’ om’),
or show that

(%) - mealyy < tom.

For this purpose, we distinguish between two subcases.

Subcase: m«llyy = m.

Then (by a component property of —)

m-lpy = m =< tom.

Subcase: m «0pq 7= m.

In this case, we will show («), that the inclusion is proper, 7.€.,

vars(m «Opg) Uvars(m’ «0,4) C vars(t o m) U vars(t om').

We have already shown the C inclusion; therefore, il suflices to show the existence of a variable z
such that

(1) z € wars(tom)Uvars(t o m')
but
(t1) z & vars(m=0pq) U vars(m' «054).

Mirst, because m <0y 3£ m, we know (by the invariance corollary) that

vars(m) Ndom(0rg) # {},
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t.e., there is a variable 2z such that
z € vars(m)
and
z € dom{0r4).
We know (by the insertion property of vars) that
vars(m) C wvars(t)Uvars(m) = vars.(tom).
Thus, because z € vars{m), we have the desired property (1),

z € wvars(t om)Uvars(t o m).

Next, because fiy is idempotent, we have (by idempotence proposition)

dom(0r4) N range(frg) = {3},

and, therefore, bccaﬁsc
z € dom(0na),

we have
z & range(0,q).

It follows (by the variable elimination proposition) that
z & varsl(m-nﬂhd)
z & ‘va.'rs(m’-aohd),

and hence
z & vars(m «0;,4) U vars{m’ 20,4).

This is the desired property (11). We have thus esl;ablishcd the proper inclusion

vars(m40py)Uvars(m/ «0,y) C wars{t om) Uvars(t om’).

In both subcases, we can conclude that

(m 4 01, m' - ghd) 'l<1n1 (t °om, t'o ml)-
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Thus, the tatl ordering condition for <, is satisfied.

This concludes the entire derivation proof. g

ALTERNATE DERIVATIONS

We have [ollowed only onc prool of the specification of the desired theorem. Had we followed
other proofls, different programs would have resulted. For example, in the {ist cases of the above
derivation, we [irst matched the taid unifier condition m<f = m/<«f) against the induction hypothesis
(after applying the definition of composition); had we instead matched the symmeﬁrie head unifier
condition t«f = ' «f0, another proof would have been oblained and the list cases of the resulting
program would have been as follows:

let 0: = unify{m, m')

if 0p = nal ,

then unify(tom, t' o m’) = nil

clse let 0,y = unify(t= 0y, £ «0)
if 0, 4 = nil
then unify{t o m, t' o m') = nil : .
clse unify(tom, t om’) = 0; © O:d.

This program will also salisfy the same specification as the original program but, becausc it
examines Lthe list from right to left rather Lhan lelt to right, it may produce a different most-general,
idempotent unifier.

In general, by exploring different branches of the proof tree, we may oblain lamilies of dilferent
unification algorithms analogous to the families of different sorl programs oblained lrom a single
specificalion by Clark and Darlington [1980]. The particular derivalion we obtained did not take
the efficiency of the final program into account. Qlher branches of the derivalion tree lead to more
cfficient unification algorithms.

AUTOMATION OF TIHE PROOF

Qur primary objective in examining the above derivation in such detail is to consider the
computalional prerequisites l'or discovering the prool automalically. Let us review the proof from
this point of view.

The first requirement of a theorem-proving system for program synthesis is that it be able to
prove theorems thal contain exislential quantifiers and require mathematical induction. Existential
quantifiers are necessary to Lransform the specification inlo a Lheorem, and induction s necessary
to inlroduce repelitive construcls into the targel program. Allhough reselution Lheorem provers,
say, can prove Lheorems with existential quaatifiers, and several theoremn provers {e.g., Boyer and
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Moore {1975], Huet and Hullot [1980]) can do proofs by induction, it is rare to sce these abilities
combined.

The amount of knowledge aboul f-expressions and substitulions nccessary to produce the
above proof is lormidable. If such knowledge were built inlo the system, the system would then
be tailored to this specilic subject domain and would thus lose generality. On the other hand, if
the knowledge were introduced into the system as a set of axiomns, the system would also need to
know how to usec the knowledge elliciently.

Much of the derivation proofl is [airly mechanical. At each stage, one must decide which
property, from a finite collection ol legal next steps, to apply. However, certain steps are not
straightlorward: they are motivated only by their ultirnate success. For example, in the list cases,
the straighlforward use of the induction hypothesis failed, but a surprising application of the
definition ol composition allowed us to use the induction hypothesis in a more general way, which
resulted in the introduction of the composition 0rg © 04 in the final program.

In finding the well-founded ordering < un, the use of the sets vars(s) and vars(s’) of variables
in the f-expressions s and s’ was not suggested by the specilication, which makes no reference to
this notion,

The idempotence condition § = 04 0 was included in the initial specification. This condition
played a vital part in the proof; however, the unification algorithm would be equally useful without
this property. Ilad the idempotence condition not been required initially, cither it or an equivalent
condition would have had to be invented and added to the specification in the middle of the proof.

Ilven with the idempolence condition provided, the proof scems somewhat more difficult than
current theorem provers can produce. Qur hope is Lhat studying hand derivalions ol this sort will
enable us to improve Lhe power ol aulomatic systems.

INTERACTIVE SYNTHESIS

Allhough Lhe above proof may be beyond the power of current automalic syslems, a partially
interactive systemn could be used to produce it with known techniques. This approach requires
more human eflfort, but it would still convey many of Lhe benefits of automalic synlhesis:

¢ The person would provide those steps thal require cleverness, but the system would take
carc of the routine details.

e Whatever mistakes the person might make, the system would nol permit him to produce a
program that did not meel its specification.

¢ The program would be accompaniced by a {ull prool of its correctness.

o The derivation could be retained so that, if Uie program nceded modilcation, the appropriate
portions of the program could be updated without endangering its correctness.
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e The assumptions on which the correct operation of the program depends would be made
explicit.

Of course, for an interactive system to be successlul, it would have to communicate in terms
the person would be able to understand.
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