
Diagrammatic Methods for Deriving andRelating Temporal Neural Network AlgorithmsEric A. Wan1 and Fran�coise Beaufays21 Department of Electrical Engineering, Oregon Graduate Institute,P.O. Box 91000, Portland, OR 972912 Speech Technology and Research Laboratory, SRI International,Menlo Park, CA 94025Abstract. Deriving gradient algorithms for time-dependent neural net-work structures typically requires numerous chain rule expansions, dili-gent bookkeeping, and careful manipulation of terms. While principledmethods using Euler-Lagrange or ordered derivative approaches exist, wepresent an alternative approach based on a set of simple block diagrammanipulation rules. The approach provides a common framework to de-rive popular algorithms, including backpropagation and backpropagation-through-time, without a single chain rule expansion. We further illustratea complementary approach using 
ow graph interreciprocity to showtransformations between on-line and batch learning algorithms. This pro-vides simple intuitive relationships between such algorithms as real-timerecurrent learning, dynamic backpropagation, and backpropagation-through-time. Additional examples are provided for a variety of archi-tectures to illustrate both the generality and the simplicity of the dia-grammatic approaches.1 IntroductionDeriving the appropriate gradient descent algorithm for a new network archi-tecture or system con�guration normally involves brute force derivative calcula-tions. For example, the celebrated backpropagation algorithm for training feed-forward neural networks was derived by repeatedly applying chain rule expan-sions backward through the network (Rumelhart et al., 1986; Werbos, 1974;Parker, 1982). However, the actual implementation of backpropagation may beviewed as a simple reversal of signal 
ow through the network. Another popularalgorithm, backpropagation-through-time for recurrent networks, can be derivedby Euler-Lagrange or ordered derivative methods, and involves both a signal 
owreversal and time reversal (Werbos, 1992; Nguyen and Widrow, 1989). For boththese algorithms, there is a reciprocal nature to the forward propagation of statesand the backward propagation of gradient terms. These properties are often at-tributed to the clever manner in which the algorithms were derived for a speci�cnetwork architecture. We will show, however, that these properties are universalto all network architectures and that the associated gradient algorithm may beformulated directly with virtually no e�ort.



The approach presented in this chapter makes use of 
ow graph theory toconstruct and manipulate block diagrams representing neural networks. Flowgraph theory �nds its origins in the �eld of electrical circuits, in the 1950s. Ofparticular importance to the �eld is the theorem of Tellegen which, by relatingtopologically identical networks, allowed many properties of analog electrical cir-cuits to be demonstrated (Tellegen, 1952; Bordewijk, 1956). In the 1970s, thegrowing interest for digital �lters led to the generalization of Tellegen's the-orem and its corollaries to discrete-time systems, and to signals that do notnecessarily obey Kirchho�'s laws of electricity (Fettweiss, 1972; Crochiere andOppenheim, 1975). In particular, a corollary often referred to as the principle ofinterreciprocity (Pen�eld et al., 1970), found applications in a wide variety of en-gineering disciplines, such as the reciprocity of emitting and receiving antennasin electromagnetism (Ramo et al., 1984), the relationship between controller andobserver canonical forms in control theory (Kailath, 1980), and the duality be-tween decimation in time and decimation in frequency formulations of the FFTalgorithm in signal processing (Oppenheim and Schafer, 1989). In this work, weuse the framework of 
ow graph theory and apply the principle of interreciproc-ity to derive and relate various algorithms for adapting nonlinear time-dependentneural networks with arbitrary architectures.The approach consists of a simple diagrammatic method for representing thenetwork and constructing an adjoint network that directly speci�es the gradientderivation formula. This is in contrast to graphical methods that simply illustratethe relationship between signal and gradient 
ow after derivation of the algo-rithm by an alternative method (Narendra and Parthasarathy, 1990; Nerrand etal., 1993). The adjoint networks are in principle identical to adjoint systems seenin N-stage optimal control problems (Bryson and Ho, 1975). While adjoint meth-ods have been applied to neural networks, such approaches have been restrictedto speci�c architectures where the adjoint systems resulted from a disciplinedEuler-Lagrange optimization technique (Parisini and Zoppoli, 1994; Toomarianand Barhen, 1992; Matsuoka, 1991). Bottou and Gallinari (1991) present an ap-proach for memoryless feedforward topolgies in which gradient rules are speci�edfor di�erent modules or components in the system. Each module and associatedgradient rule can then be represented graphically. Here we use a graphical ap-proach for the complete derivation of the algorithms. In addition, we also alsoconsider structures with memory to allow for internal dynamics and feedback.3The application of the diagrammatic approach to recurrent structures involv-ing optimization over time results in o�-line or batch algorithms. Backpropaga-tion-through-time, for example, requires a forward sweep of the system followedby a backward sweep through a transposed structure to accumulate the gra-dients. On the other hand, on-line optimization may be achieved through algo-rithms referred to as real-time recurrent learning, on-line backpropagation, or dy-3 The method presented here is also similar in spirit to Automatic Di�erentiation (Rall,1981; Griewank and Corliss, 1991). Automatic Di�erentiation is a simple method for�nding derivatives of functions and algorithms that can be represented by acyclicgraphs.



namic backpropagation (Williamsand Zipser, 1989; Narendra and Parthasarathy,1990; Hertz et al., 1991). In the second part of this chapter, we show how theprinciple of 
ow graph interreciprocity may be used to convert the adjoint-basedo�-line algorithm to an on-line algorithm. The technique involves creating asecond 
ow graph obtained by transposing the original one, i.e., by reversingthe arrows that link the graph nodes, and by interchanging the source and sinknodes. Flow graph theory shows that transposed 
ow graphs are interreciprocal,and for single input single output (SISO) systems, have identical transfer func-tions. This provides the exact relationship between backpropagation-through-time and real-time recurrent learning. More generally, the approach provides amechanism for deriving either on-line or o�-line algorithms completely based onsimple block-diagram rules.The concepts in this chapter represent a collation of ideas presented by theauthors in prior papers (Beaufays and Wan, 1994a; Wan and Beaufays, 1996).2 Block Diagram Representation
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(synapses)Fig. 1. Block diagram representation of a basic neuron.An arbitrary neural network can be represented as a block diagram whosebuilding blocks are summing junctions, branching points, univariate functions,multivariate functions, and time-delay operators. For simplicity, only discrete-time systems will be considered. A synaptic weight, for example, may be thoughtof as a linear transmittance, which is a special case of a univariate function. Thebasic neuron is simply a sum of linear transmittances followed by a univariatesigmoid function as illustrated in Figure 1. Networks can then be constructedfrom individual neurons, and may include additional functional blocks and time-delay operators that allow for bu�ering of signals and internal memory. Thisblock diagram representation is really nothing more than the typical pictorialdescription of a neural network with a bit of added formalism. However, we will



show shortly that this view of a neural network allows for several importantproperties to be exploited.3 Learning AlgorithmsIn deriving algorithms for supervised learning, the goal is to �nd a set of networkweights W that minimize a given cost functionJ = KXk=1Jk(d(k);y(k)); (1)where k is the discrete time index, y(k) is the output of the network, d(k) is thedesired response, and Jk is a generic error metric that may contain additionalweight regularization terms. For illustrative purposes, we will work with thesquared error metric, Jk = 12e(k)Te(k), where e(k) is the error vector. In mostproblems, a desired output is speci�ed at each time step. However, the desiredoutput may also be de�ned only at the �nal times k = K (e.g., terminal control),or at intermittent time increments. Therefore, we de�ne the error vector e(k) asthe di�erence between the desired and the actual output vectors when a desiredoutput is available, and as zero otherwise.Optimization of the weights involves calculation of the gradient of the costfunction with respect to the weights. There are two fundamental ways in whichthe gradient may be evaluated. In the �rst case, the contribution to the weightupdate at each time step is �W (k) = �� @J@W (k) ; (2)where � controls the learning rate. The partial derivative4 e�ectively evaluatesthe change in the total cost function into the future given a change in the weightsat the current time step. Alternatively, gradient descent may by speci�ed as� ~W (k) = �� @Jk@W ; (3)where the partial looks at the change in the current cost function at time k dueto changing the weights at all prior time steps. We use the \tilde" notation,~W (k), to emphasize that the updates are not equivalent.In the �rst case, evaluation of the gradient leads to an o�-line implementation(i.e., the system must be run to the �nal time step K before a gradient updateis performed), and is equivalent to an Euler-Lagrange approach. The secondevaluation leads to an on-line algorithm in which the weights may be updatedat each time increment, and falls into the class of algorithms known as recursive4 By @J=@W (k) we mean a Nw� 1 vector (Nw denotes the number of weights) whoseith element, @J=@wi(k), is the derivative of the cost function with respect to the ithweight at time k, all the other weights being kept constant.



estimation. If there is no internal memory in the network (i.e. a static network),then the two equations are equivalent. Note that if the weights are kept constantduring the whole forward and backward passes, the total weight changes for theon-line and o�-line algorithms are equal, i.e.KXk=1 @J@W (k) = KXk=1 @Jk@W : (4)In practice however, the weights are updated at each time step k, resultingin di�erences in the properties of the two approaches. To begin with, we willconsider only the �rst gradient evaluation from Equation 2. We will return tothe on-line update algorithms in Section 6.Let us consider evaluating the gradient in Equation 2 for some vector subsetof the weights wij 2 W . At the architectural level, we isolate this parametervector between two internal vector signals in the network with correspondinglabels ai(k) and aj(k), such thataj(k) = F (wij ; ai(k)):Here F (�) represents an arbitrary continuous function internal to our blockdiagram representation of the network. At the lowest level, with scalar sig-nals, wij may correspond to a single synaptic weight, and we have simplyaj(k) = wij ai(k).Using the chain rule, we obtain@J@wij(k) = @aj(k)@wij(k) @J@aj(k) = GFw(k) �j(k); (5)where we de�ne the error gradient�j(k) 4= @J@aj(k)and the Jacobian GFw(k) 4= @aj(k)@wij(k) :If the vector aj(k) has dimensions N � 1, and the weight vector wij(k) hasdimensions Nw � 1, the dimensionalities of @J=@wij(k), @aj(k)=@wij(k), and@J=@aj(k) are, respectively, Nw � 1, Nw � Ny, and Ny � 1.Note that the error gradient �j(k) depends on the entire topology of thenetwork, as opposed to the Jacobian which depends only locally on F . In thescalar weight case GFw(k) = ai(k). The weight update is given by�wij(k) = �� @J@wij(k) = �� GFw(k)�j(k): (6)To complete the algorithm speci�cation we must �nd an explicit formulafor calculating the delta terms. Backpropagation, for example, is nothing morethan an algorithm for generating these terms in a feedforward network. In thenext section, we develop a simple nonalgebraic method to derive the delta termsassociated with any network architecture.



4 Adjoint Flow Graph Construction RulesGiven the block diagram representation of a network and the goal of determin-ing the error gradients �i(k), we need only apply a set of simple block diagramtransformations. Directly from the block diagram we may construct the adjointnetwork by reversing the 
ow direction in the original network, labeling all re-sulting signals �i(k), and performing the following operations:1. Summing junctions are replaced with branching points.
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wija i a j
wijδ i

 δj{ Activation functions: an(k) = tanh(aj(k)). In this case, f 0(aj(k)) = 1�a2n(k).
a (k)na (k)j 1 - a (k) δ  (k)nδ (k)j n

2tanh( )4. Multivariate functions are replaced with their Jacobians.
a (k)

in
a  (k)
out

δ (k)
in

δ  (k)
out

δi

δj

δm

δn

δo

δp

ai

aj

am

an

ao

ap

F( ) {{{ {G a (k)
in

F



A multivariate function maps a vector of input signals into a vector of out-put signals, aout = F (ain). In the transformed network, we have �in(k) =GFain (k) �out(k), where the Jacobian GFain (k)4=@aout(k)=@ain(k) correspondsto a matrix of partial derivatives. Clearly, both summing junctions and uni-variate functions are special cases of multivariate functions. Other importantcases include{ Product junctions: aj(k) = ai(k) al(k), in which case GFa (k) = [al(k) ai(k)]T .
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iProduct terms, for example, allow construction of sigma-pi units or gatedexperts (Rumelhart et al., 1986; Jordan and Jacobs, 1992).{ Layered networks. A multivariate function may itself represent a multi-layer network. In this case, the product GFain(k) �out(k) may be founddirectly by backpropagating �out through the network without the ex-plicit need to calculate the matrix GFain(k).
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These six rules allow direct construction of the adjoint network from theoriginal network.5 Note that there is a topological equivalence between the twonetworks. The order of computations in the adjoint network is thus identical tothe order of computations in the forward network. Whereas the original networkcorresponds to a nonlinear time-independent system (assuming the weights are�xed), the adjoint network is a linear time-dependent system. The signals �j(k)that propagate through the adjoint network correspond to the terms @J=@aj(k)necessary for gradient adaptation. Exact equations may then be \read out"directly from the adjoint network, completing the derivation. A formal proofof the validity and generality of this method is presented in Appendix B.5 ExamplesThe power and simplicity of the diagrammatic approach can best be demon-strated through examples.5.1 Example 1: BackpropagationWe start by re-deriving standard backpropagation. Figure 2 shows a hidden neu-ron feeding other neurons and an output neuron in a multilayer network. Forconsistency with traditional notation, we have labeled the summing junctionsignal sli with the added superscript to denote the layer. In addition, since mul-tilayer networks are static structures, we omit the time index k.
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Fig. 2. Block diagram construction of a multilayer network.5 Clearly, this set of rules is not a minimal set, e.g., a summing junction can beconsidered a special case of a multivariate function. However, we chose this set forease and clarity of construction.
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Fig. 3. Adjoint multilayer network.The adjoint network shown in Figure 3 is found by applying the constructionrules of the previous section. From this �gure, we may immediately write downthe equations for calculating the delta terms:�li = 8><>: �ei f 0(sLi ) l = Lf 0(sli) �Xj �l+1j �wl+1ij 0 � l � L � 1: : (7)By Equation 2, the weight update is formulated as�wlpi = �� �li al�1p : (8)These are precisely the equations describing standard backpropagation. Inthis case, there are no delay operators, and �j = �j(k)4= @J@sj(k) = @eT (k)e(k)@sj(k)represents an instantaneous gradient. Readers familiarwith neural networks haveundoubtedly seen these diagrams before. What we emphasize is the concept thatthe diagrams themselves may be used directly to derive the learning algorithm,completely circumventing all intermediate steps involving tedious algebra.5.2 Example 2: Backpropagation-Through-TimeFor the next example, consider a network with output feedback (see Figure 4)described by y(k) = N (W;x(k);y(k � 1)); (9)where x(k) are external inputs, and y(k) represents the vector of outputs thatform feedback connections. N is a multilayer neural network. If N has only onelayer of neurons, every neuron output has a feedback connection to the input of
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ow-graphapproach to truncated gradient algorithms is presented in (Campolucci et al.,1997).



Backpropagation-Through-Time and Neural Control ArchitecturesBackpropagation-through-time can be extended to various neural control archi-tectures (Nguyen and Widrow, 1989; Werbos, 1992). A generic nonlinear plantmay be described by x(k) = P(u(k);x(k � 1)); (12)where x(k) is the state vector for the system and u(k) is the control signal. Thegoal is to drive some of the states to desired values by using a multilayer neuralnetwork to generate the control signal,u(k) = N (W; r(k);x(k � 1)); (13)where r(k) constitutes some external reference signal. It is assumed that fullstate information is available for feedback6. (see Figure 5)
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have �p(k) = GNx (k + 1)�u(k + 1) + GPx(k + 1)�p(k + 1)� e(k) (14)�u(k) = GPu (k)�p(k): (15)Note that GPx(k) = @x(k)=@x(k�1) and GPu (k) = @x(k)=@u(k) are Jacobian ma-trices for the plant. Hence, we assumed the availability of either a mathematicalmodel for the plant or possibly a neural network model of it.If full-state information is not available, one may use more complicatedARMA (AutoRegressive Moving Average) models as illustrated in Figure 6.While a direct chain rule application is still possible, Figure 7 illustrates howgradients may be directly speci�ed using the adjoint network. A variety of otherarchitectures typically used in control may also be considered, such as hierarchi-cal structures, radial basis function networks, and feedforward locally recurrentnetworks (Puskorious and Feldkamp, 1994). In all cases, the diagrammatic ap-proach provides a direct derivation of the gradient algorithm.
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Fig. 6. Neural network control using nonlinear ARMA models.5.3 Example 3: Cascaded Neural NetworksLet us now turn to an example of two cascaded neural networks (Figure 8), whichwill further illustrate the advantages of the diagrammatic approach. The inputsto the �rst network are samples from a time sequence x(k). Delayed outputsof the �rst network are fed to the second network. The cascaded networks arede�ned as u(k) = N1(W1; x(k); x(k� 1); x(k� 2)); (16)y(k) = N2(W2; u(k); u(k� 1); u(k� 2)); (17)where W1 and W2 represent the weights parameterizing the networks, y(k) isthe output, and u(k) the intermediate signal. Given a desired response for the



Plant
Model

q

Controller

-e(k)

δ  (k)r

δ  (k)p

q

q

q

q

δ  (k)u

q

q

q

q

G r,y (k)N G u,y(k)PFig. 7. Adjoint network for control using nonlinear ARMA models.
q-1 q-1x(k)

N 1

q-1 q-1u(k)

N 2
y(k)

-e(k)

δ (k)
u

δ (k)
x

δ  (k)
1

δ  (k)
2

q q q q

δ  (k)
3

G x (k)N1 G u (k)N2Fig. 8. Cascaded neural network �lters and adjoint counterpart.output y of the second network, it is straightforward to use backpropagation foradapting the second network. It is not obvious, however, what the e�ective errorshould be for the �rst network.From the adjoint network also shown in Figure 8, we simply label the desiredsignals and write down the gradient relations:�u(k) = �1(k) + �2(k + 1) + �3(k + 2); (18)with [�1(k) �2(k) �3(k)] = �GNu (k) e(k); (19)i.e., each �i(k) is found by backpropagation through the output network, andthe �i's (after appropriate advance operations) are summed together. The weightupdate for the �rst network is thus given by�W1(k) = � @u(k)@W1(k) �u(k) = � GN1W1(k) �u(k); (20)



in which the product term is found by a single backpropagation with �u(k)acting as the error to the �rst network. Equations can be made causal by simplydelaying the weight update for a few time steps. Clearly, extrapolating to anarbitrary number of taps is also straightforward.
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algorithm is far less e�cient than the one derived directly using adjoint net-works. Similar arguments can be used to derive an e�cient on-line algorithm foradapting time-delay neural networks (Waibel et al., 1989). In Section 7.2 we willreturn to this example to show how the on-line weight-sharing algorithm mayalso be derived using 
ow graphs.5.4 Example 4: Temporal Backpropagation
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Fig. 10. Block diagram construction of an FIR network and corresponding adjoint network.An extension of the feedforward network can be constructed by replacing allscalar weights with discrete time linear �lters to provide dynamic interconnec-tivity between neurons. The �lters represent a more accurate model of axonaltransport, synaptic modulation, and membrane charge dissipation (Koch andSegev, 1989; MacGregor, 1987). Mathematically, a neuron i in layer l may be



speci�ed as sli(k) =Xj W lij(q�1) al�1j (k) +wbias (23)ali(k) = f(sli(k)); (24)where a(k) are neuron output values, s(k) are summing junctions, f(�) are sig-moid functions, andW (q�1) are synaptic �lters. Three possible forms forW (q�1)are W (q�1) = 8>>>>>>>><>>>>>>>>: w Case IMXm=0w(m)q�m Case IIPMm=0 a(m)q�m1�PMm=1 b(m)q�m Case III: (25)In Case I, the �lter reduces to a scalar weight and we have the standard def-inition of a neuron for feedforward networks. Case II corresponds to a FiniteImpulse Response (FIR) �lter in which the synapse forms a weighted sum ofpast values of its input. Such networks have been utilized for time series andsystem identi�cation problems (Wan, 1993a,b,c). Case III represents the moregeneral In�nite Impulse Response (IIR) �lter, in which feedback is permitted.In all cases, coe�cients are assumed to be adaptive.Figure 10 illustrates a network composed of FIR �lter synapses realized astap-delay lines. Deriving the gradient descent rule for adapting �lter coe�cientsis quite formidable if we use a direct chain rule approach. However, using theconstruction rules described earlier, we may trivially form the adjoint networkalso shown in Figure 10. By inspection we have�li(k) = f 0(sli(k))Xj �lij(k) = f 0(sli(k))Xj W l+1ij (q+1)�l+1j (k): (26)Consideration of an output neuron at layer L yields�Lj (k) = �ej(k)f 0(sLj (k)):These equations de�ne the algorithm known as temporal backpropagation(Wan, 1993a,b). The algorithm may be viewed as a temporal generalization ofbackpropagation in which error gradients are propagated not by simply takingweighted sums, but by backward �ltering. Note that in the adjoint network,backpropagation is achieved through the reciprocal �lters W (q+1). Since this isa noncausal �lter, it is necessary to introduce a delay of a few time steps toimplement the on-line adaptation.In the IIR case, it is easy to verify that Equation 26 for temporal backpropa-gation still applies with W (q+1) representing a noncausal IIR �lter. This also



follows directly from the generalization of rule 5 for linear subsystems. As withbackpropagation-through-time, the network must be trained using a forward andbackward sweep necessitating storage of all activation values at each step in time.Di�erent realizations for the �lters dictate how signals 
ow through the adjointstructure as illustrated in Figure 11. In all cases, computations remain O(N )(this is in contrast with O(N2) algorithms derived by Back and Tsoi (Back andTsoi, 1991) using direct chain rule methods). Note that the poles of the forwardIIR �lters are reciprocal to the poles of the reciprocal �lters. Stability monitoringcan be made easier if we consider lattice realizations in which case stability isguaranteed if the magnitude of each coe�cient is less than 1. Regardless of thechoice of the �lter realization, adjoint networks provide a simple uni�ed approachfor deriving a learning algorithm7.
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(d)Fig. 11. IIR �lter realizations: (a) controller canonical, (b) adjoint observer canonical, (c)lattice, (d) adjoint lattice.6 On-line Algorithms and Transposed NetworksFor recurrent architectures, the algorithms derived using the adjoint networksresult in o�-line approaches. This is a fundamental consequence of the weightupdate of Equation 2, which evaluates the change in the total cost function intothe future due to a change in a weight at the current time step. In general the7 In related work (Beaufays and Wan, 1994b), the diagrammatic method was used toderive an algorithm to minimize the output power at each stage of an FIR lattice�lter. This provides an adaptive lattice predictor used as a decorrelating preproces-sor to a second adaptive �lter. The new algorithm is more e�ective than Gri�ths'algorithm (Gri�ths, 1977).



algorithms can be seen as di�erent versions of backpropagation-through-time(BPTT) which result from Euler-Lagrange type optimization. We now turn tothe weight update given by Equation 3, repeated here for convenience:� ~W (k) = �� @Jk@W : (27)This leads to on-line algorithms by evaluating the gradient as the change in thecost function only up to the current time step due to the changes in the weightsat all prior time steps. Such algorithms require a recursive estimation of thegradient and in the neural network literature go by such names as real-time back-propagation, real-time recurrent learning, on-line backpropagation, or dynamicbackpropagation (Williams and Zipser, 1989; Narendra and Parthasarathy, 1990;Hertz et al., 1991).Continuing the development of diagrammatic approaches, we show how suchon-line algorithms may again be constructed directly by using simple 
ow graphmanipulation. The approach is to transform the gradient 
ow-graph implied bythe adjoint network into a transposed 
ow-graph. By 
ow-graph interreciprocity,the two 
ow-graphs will be shown to have identical transfer functions.6.1 Gradient Flow GraphConsider the adjoint network represented below. By adding to the output of theadjoint network the branch GFw(k), and re-drawing the input �e(k) as a linearbranch with gain �e(k) and input 1:0, we obtain a gradient 
ow graph thatexplicitly gives the gradient @J=@wij(k).
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∂J Note that we have constructed a single-input-single-output (SISO) 
ow graphfor adapting a single scalar weight. The actual weight update is given by Equa-tion 2. This representation of the gradient calculation will be used to deriveon-line gradient algorithms through a set of block diagram manipulations.



6.2 Construction Rules for On-line Gradient Flow GraphsWe begin by providing the step-by-step procedure for constructing the on-linegradient network from the o�-line 
ow graph. The necessary operations are asfollows:1. Select a scalar weight wij(k) for which an on-line update is desired, andlocate the output �j(k) in the adjoint network associated with these weights.(All other outputs �p(k) not associated with the weights of interest can beignored.)2. Form the gradient network as described above.3. Form the transposed gradient 
ow-graph by reversing the branch directions,transposing the branch gains, replacing summing junctions by branchingpoints and vice versa, replacing q+1 with q�1, and interchanging source andsink nodes. The input to this new transposed 
ow-graph is 1:0 and the output@Jk=@wij.
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∂w  ij

∂J kNote that, strictly speaking, the transposition of a 
ow graph does not in-clude the replacement of time delay operators with time advances and viceversa. Here we use the term \transpose" by abuse of notation, because ifwe were to unravel in time the gradient 
ow graph and the so-called trans-posed gradient 
ow graph, the two unraveled 
ow graphs would be the truetranspose of one another. We will come back to this point in Section 6.4.4. Set to zero any input in the transposed weight-update 
ow graph that cor-responds to an external input x(k) in the original network (outputs �x(k) inthe adjoint network). This is justi�ed by noting that @x(k)=@w = 0.5. Repeat the process from step 1 for any other desired weight in the network.By simply labeling necessary signals, exact equations may be \read-out"directly from the transposed 
ow-graph completing the derivation. The on-lineweight update is then given as in Equation 27. Note that the output @Jk=@w ofthe new transposed 
ow-graph is not equivalent to the output @J=@w(k) of the�rst gradient 
ow graph.In the adjoint network, a single network su�ces to yield all the deltas as-sociated with each weight in the network. In the on-line approach, however, adi�erent transposed 
ow graph is needed for each scalar weight to be adapted.Often it may be convenient to work directly with a vector of weights wij(k).In this case, GFw becomes a matrix and the original o�-line gradient 
ow graphis single input multiple output (SIMO). The procedure described in rule 3 isstill valid although, strictly speaking, the resulting SIMO 
ow graph is not the



transpose of the original. There is a loss of topological equivalence as branchesin the \transposed" 
ow-graph change dimension (this will be illustrated in anexample shortly). For convenience we will still refer to this as a transposed 
owgraph. However, the interpretation of the resulting 
ow graph is really of a stackof SISO transposed graphs. The computational complexity is thus equivalent tosuccessively forming SISO transposed 
ow graphs for each weight in the network.The vector transposed 
ow graph is illustrated here:
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network[                ]TFinally, it should be noted that it is possible to specify a set of rules thatgo directly from the original neural network to the on-line gradient 
ow graph.However, this is not recommended. For example, constructing the transposed
ow graph directly for a static feedforward network does not lead to the obviousimplementation for standard backpropagation. In general, the adjoint networkshould be constructed �rst. The speci�c set of weights that require conversionto an on-line update can then be identi�ed. For these weights, the associatedtransposed 
ow graphs may then be formed.6.3 Relating Real-Time Recurrent-Learning and Backpropagation-Through-TimeThe procedure described above can be illustrated for a network with outputfeedback as redrawn in Figure 12(a). Note that any connectionist architecturewith feedback units can, in fact, be represented canonically as a feedforwardnetwork with output feedback (Piche, 1994). The results presented here are thusgeneral for all architectures (additional examples for some speci�c architecturesare given in Section 6).Recall that the equations for the system are given byy(k) = N (W;x(k);y(k � 1)); (28)and that from the adjoint network in Figure 12(b), the equations for BPTT aregiven by �(k) = GNy (k + 1)�(k + 1)� e(k): (29)Also, the weight update was given by�W (k) = GNW (k) � �(k): (30)In Figure 12(c) we form the gradient 
ow graph from the adjoint network.Figure 12(d) shows the �nal transposed gradient network. Note that q+1 has
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∂J kFig. 12. Diagrammatic derivation of real-time recurrent learning and backpropaga-tion-through-time.been replaced with q�1 as in the original network. Labeling the signals withinthe transposed graph, we directly read-o� the equations:�(k) = [GNy (k)]T � �(k � 1) + [GNW (k)]T 8k = 1:::K: (31)Note that this is a matrix update equation as opposed to the vector update ofEquation 29. This is re
ected in the change in dimensionality of the branches inthe transposed graph. The Jacobians GNy (k) and GNW (k) in Equation 31 have,respectively, dimensions Ny � Ny and Nw � Ny ; the gradient term �(k) hasdimensions Ny �Nw , where Nw is the number of weights in the neural networkand Ny is the number of feedback states.From the 
ow graph, the weight update at each time step is given by� ~wT (k) = �� e(k)T ��(k): (32)By comparing this to Equation 3 and assuming a squared-error cost function, it isimmediate that �(k) = @y(k)=@W . Equations 31 and 32 describe the algorithmknown as Real-Time Recurrent Learning (RTRL) for feedforward networks withoutput feedback (see, e.g., Narendra and Parthasarathy, 1990). RTRL or equiv-alently real-time backpropagation (RTBP) was �rst introduced for single-layerfully recurrent networks by Williams and Zipser8 (Williams and Zipser, 1989).The algorithm is well suited for on-line adaptation of dynamic networks wherea desired response is speci�ed at each time step.8 The name \recurrent backpropagation" is also occasionally used, although this



Computational Cost of RTRL and BPTTAnother nice feature of 
ow graph representations is that the computational andcomplexity di�erences between RTRL and BPTT can be directly observed fromtheir respective 
ow graphs. By observing the dimension of the terms 
owing inthe graphs and the necessary matrix calculations and multiplications, it can beveri�ed that BPTT requires only O(Nw) operations. This holds for any adjointnetwork. On the other hand, we see that RTRL requires O(N2yNw) operations.For fully recurrent networks Nw = N2y and RTRL is O(N4y ). However, for certainarchitectures, where the feedback is restricted, the computational complexity ofthe on-line algorithmsmay be less severe (see the description of Gammanetworksin Section 7.3).An additional source of complexity in RTRL involves the calculation of theJacobians. In the adjoint network, it is not necessary to calculate the Jaco-bian matrices GNy and GNw explicitly. The product GNy (k) � �(k) is formed di-rectly by backpropagating through the network to the inputs, while the productGNw (k) � �(k) constitutes a standard backpropagation weight update with er-ror �(k). In the transposed 
ow graph, however, the Jacobians are propagatedthrough the graph and require explicit calculation. Note that the jth row ofeither Jacobian matrix may be calculated by backpropagating the unit vectorsej = [0; � � � ; 0; 1; 0 � � �0] through the network.6.4 Transposed Flow-Graphs and InterreciprocityThe above example illustrated the simple diagrammatic procedure to derive anon-line algorithm. We now provide a justi�cation for this procedure, and at thesame time show an equivalence between the computations performed in RTRLversus BPTT. As stated earlier, the generality of the architecture consideredvalidates these arguments for all network architectures.Again we start with the adjoint network and form the gradient 
ow graph.However, rather than directly transposing this 
ow-graph, we �rst convert thetime-dependent 
ow graph into a time-independent 
ow graph. This is accom-plished by taking the gradient 
ow graph (see step 2 and Figure 12(c)) and un-raveling it backward in time. The result is illustrated in Figure 13, which showsexplicitly the reverse time 
ow for implementing BPTT. The input (source) tothis 
ow-graph, 1.0, is distributed along the top branch; the individual outputs@J=@w(k) are summed together along the lower branch to form the accumulatedgradient @J=@w. Note that all transmittances in the 
ow graph are linear andtime-invariant.Let us now build a new 
ow graph by transposing the 
ow graph of Figure13. The new 
ow graph is represented in Figure 14. This corresponds to theunraveled representation (with accumulated gradient) of the transposed 
owgraph and explicitly gives the equations for RTRL.should not be confused with the approach developed by Pineda (Pineda, 1987) forlearning �xed points in feedback networks. The linear equivalent of the RTRL algo-rithm was �rst introduced in the context of IIR �lter adaptation (White, 1975).
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graph becomes q�1 in the �nal transposed graph.7 Examples of On-line Learning AlgorithmsWe provide some additional examples for speci�c architectures, which furtherillustrates the procedure.7.1 Example 1: Neural Control - Dynamic Backpropagation
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owgraph.Figure 15 shows the 
ow graph approach applied to a recurrent networkand control architecture (see Section 5.2 and Figure 5 for the neural networkstructure and adjoint network). Note that we have made a slight modi�cationin which feedback is through a �xed linear matrix transformation H(q�1). Thisprovides for a compact notation to allow a variety of alternatives. For example, ifH(q�1) = q�1I, then we have standard state-feedback. IfH(q�1) = (PMi=0 q�i)I,then this speci�es a tap-delay feedback for each output. Directly from the trans-posed graph, we may read-o� the equations�P (k) = [GPu (k)]T � �N (k) + [GPx(k)]TH(q�1)�P (k) (33)



�N (k) = [GNx (k)]TH(q�1)�P (k) + [GNW (k)]T (34)� ~wT (k) = �� e(k)T � �P (k): (35)These equations specify a variation of RTRL, which is referred to by Narendraas Dynamic Backpropagation (Narendra and Parthasarathy, 1990).7.2 Example 2: Cascaded Neural Networks - Weight Sharing
δ (k)

u

δ  (k)
1

δ  (k)
2

q q

δ  (k)
3

G u (k)N2

G w (k)N1

-e(k) 1.0

G w (k)N1

-e(k)

1.0 q-1 q-1

G u (k)N2

T

T

(a)

(b)

∂w(k)
∂J 

∂w  
∂J kTFig. 16. Cascaded neural networks: (a) gradient 
ow graph, (b) transposed gradient 
owgraph.In Section 5.3 we showed how the adjoint network may be used to derive ane�cient on-line algorithm for cascaded neural networks (causality was achievedby bu�ering of states). By using brute force chain rules, an alternative on-linealgorithm was also derived. It is now shown how the later algorithm correspondsto the transposed gradient 
ow graph.In Figure 16 we show the transformation from the gradient 
ow graph to thetransposed gradient 
ow graph (see Figure 8 for original cascade architectureand associated adjoint network). Note that we consider only the transpose for�nding the weight update associated with the �rst neural network. As arguedearlier, the weights in the second neural network may be adapted on-line bystandard backpropagation. Directly from the transposed 
ow graph we may readthe equation:� ~W1(k) = �[GN1W1(k) � �1(k) +GN1W1 (k � 1) � �2(k) +GN1W1(k � 2) � �3(k)]; (36)where we have made the substitution �GN2i (k)e(k) = �i(k) corresponding to abackpropagation of the error through the second network. The products GN1W1 (k�



i) � �i(k) correspond to separate backpropagations of �i(k) to adapt the weightsin the �rst network. These equations are the same as those found earlier (seeEquation 22), and are again equivalent to backpropagation through the unfoldedstructure shown in Figure 9.7.3 Example 3: Gamma Neural Networks
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i-1Fig. 17. Gamma neural network.Consider the single-input focused Gamma network shown in Figure 17 (DeVries and Principe, 1992). A tapped delay line feeds a feedforward network wherethe standard delay q�1 has been replaced by the simple low-pass �lter of trans-fer function 
q�(1�
) . This allows for an IIR �lter where the memory depth iscontrolled by the variable parameter 
. The gamma �lter may be de�ned in thetime domain asxi(k) = (1� 
)xi(k � 1) + 
xi�1(k); i = 1; :::M (37)y(k) = N (W;x(k)); (38)where x0(k) = x(k) is the input. The �rst step is to create the adjoint network.The weight-update may then be found from the adjoint network by noting thatG
 = xi�1(k) and G1�
 = �xi(k), as illustrated in Figure 18. Note that 
 isconstrained to be the same for all segments of the �lter; thus, a single weightupdate is formed by summing the contributions from each segment. While theweights in the feedforward network may be adapted through standard backprop-agation without delay, adaptation of 
 involves an o�-line algorithm in whichthe gamma �lter is run backward in time.To form an on-line algorithm, we transpose the gradient 
ow graph as shownin Figure 19. Directly from this 
ow-graph we may read-o� the on-line equations:�
 = ��[e(k)]T [GNx (k)]T�(k); (39)
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ow graph.where �i(k) = (1� 
)�i(k � 1) + 
�i�1(k) + [xi�1(k � 1) � xi(k � 1)]; (40)for i = 1; :::M . Note that the product [e(k)]T [GNx (k)]T may still be e�cientlycalculated with standard backpropagation of the error e(k), so that implemen-tation of Equation 40 is only order M . Thus, the overall implementation of theon-line algorithm for the gamma network is computationally equivalent to theo�-line algorithm. This example also illustrates how the transposed 
ow-graphis used for only a subset of weights in the network (in this case 
), while therest of the weights (W within the feedforward network) are adapted accordingto the adjoint network.8 SummaryIn this chapter, we have provided a uni�ed framework for the derivation ofgradient-based algorithms for arbitrary network architectures, network con�g-urations, and systems. One starts with a diagrammatic representation of thenetwork of interest. An adjoint network is then constructed by simply swappingsumming junctions with branching points, continuous functions with derivativetransmittances, and time delays with time advances. The �nal algorithm is readdirectly o� the adjoint network. No explicit chain rules are needed.In the case of recurrent architectures, an on-line algorithm may also be de-rived by starting with the adjoint network and then producing a transposedgradient 
ow graph. This allows us to relate backpropagation-through-time and
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ow graph.real-time backpropagation, as well as to verify that the global gradient calcula-tions performed by the algorithms are equivalent.While we have concentrated on gradient descent methods, the approachcan be extended to other optimization techniques. For example, second-ordermethods require the additional calculation of the matrix of second derivatives(Hessian). This can be derived diagrammatically by considering the gradient
ow graph (with �rst derivative outputs) as the starting point for applying themethod a second time to take the second derivative. The diagrammatic frame-work can also be applied to instances where the network interacts with graphssuch as Hidden Markov Models (HMMs), and all parameters of the system areto be adapted. Additional extensions to reinforcement learning algorithms arealso currently under development.A Flow Graph InterreciprocityIn this appendix we provide the formal de�nition of interreciprocity. We thenprove that transposed 
ow graphs are interreciprocal, and that the transfer func-tions of SISO interreciprocal 
ow graphs are identical.Let F be a 
ow graph. In F , we de�ne Yk, the value associated with nodek; Tj;k, the transmittance of the branch (j; k); and Vj;k = Tj;k � Yj , the outputof branch (j; k). Let us further assume that each node k of the graph has asso-ciated with it a source node, i.e. a node connected to it by a branch of unitytransmittance. Let Xk be the value of this source node (if node k has no associ-ated source node, Xk is simply set to zero). It results from these de�nitions that
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ow graph.Yk =Pj Vj;k +Xk =Pj Tj;k � Yj +Xk (see Figure 20).Let us now consider a second 
ow graph, ~F , having the same topology as F(i.e., ~F has the same set of nodes and branches as F , but the branch transmit-tances of both graphs may di�er). ~F is described with the variables ~Yk; ~Tj;k; ~Vj;k,and ~Xk.De�nition 1 Two 
ow graphs, F and ~F , are said to be the transpose of eachother i� their transmittance matrices are transposed, i.e.~Tj;k = Tk;j 8 j; k: (41)De�nition 2 (Bordewijk, 1956): Two 
ow graphs, F and ~F , are said to beinterreciprocal i� Xk ( ~Yk �Xk � Yk � ~Xk) = 0: (42)We can now state the following theorem:Theorem 1 Transposed 
ow graphs are interreciprocal.Proof: Let F be a 
ow graph, and let ~F be the transpose of F . We start fromthe identityPk ~Yk � Yk �Pk Yk � ~Yk, and replace Yk byPj Tj;k � Yj +Xk in the�rst member, and ~Yk by Pj ~Tj;k � ~Yj + ~Xk in the second member (Oppenheimand Schafer, 1989). Rearranging the terms, we getXj;k ( ~Yk � Vj;k � Yk � ~Vj;k) +Xk ( ~Yk �Xk � Yk � ~Xk) = 0: (43)Equation 43 is usually referred to as \the two-network form of Tellegen's the-orem" (Tellegen, 1952; Pen�eld et al., 1970). Since ~F is the transpose of F ,the �rst term of Equation 43 can be rewritten as Pj;k( ~Yk � Vj;k � Yk � ~Vj;k) =Pj;k( ~Yk � Tj;k � Yj � Yk � ~Tj;k � ~Yj) =Pj;k( ~Yk � Tj;k � Yj � Yk � Tk;j � ~Yj) = 0: Sincethe �rst term of Equation 43 is zero, the second term Pk( ~Yk �Xk � Yk � ~Xk) isalso zero. The 
ow graphs ~F and F are thus interreciprocal. QED.



The last step consists in showing that SISO interreciprocal 
ow graphs havethe same transfer functions. Let node a be the unique source of F and node bits unique sink. From the de�nition of transposition, node a is the sink of ~F ,and node b is its source. We thus have Xk = 0 8k 6= a and ~Xk = 0 8k 6= b.Therefore, Equation 42 reduces to:Xa � ~Ya = ~Xb � Yb: (44)This last equality can be interpreted as follows (Pen�eld et al., 1970; Oppen-heim and Schafer, 1989): the output Yb, obtained when exciting graph F withan input signal Xa, is identical to the output ~Ya of the transposed graph ~Fwhen exciting it at node b with an input ~Xb � Xa. The transfer functions ofthe SISO systems represented by the two 
ow graphs are thus identical, whichis the desired conclusion.B Proof of Adjoint Construction RulesWe show that the diagrammatic method constitutes a formal derivation for ar-bitrary network architectures. Intuitively, the chain rule applied to individualbuilding blocks yields the adjoint architecture. However, delay operators, whichcannot be di�erentiated, as well as feedback, prevent a straightforward chainrule approach to the proof. Instead, we use a more rigorous approach as follows:1. We will initially assume that only univariate functions exist within the net-work. This is by no means restrictive. It has been shown (Hornik et al., 1989;Cybenko, 1989) that a feedforward network with two or more layers and a suf-�cient number of internal neurons can approximate any uniformly continuousmultivariate function to an arbitrary accuracy. A feedforward network is, ofcourse, composed of simple univariate functions and summing junctions. Thusany multivariate function in the overall network architecture is assumed to bewell approximated using a univariate composition.2. We may completely specify the topology of a network by the set of equationsaj(k) =Xi Tij � ai(k) 8j (45)T 2 ff( ); q�1g; (46)where aj(k) is the signal corresponding to the node aj at time k. The sum istaken over all signals ai(k) that connect to aj(k), and Tij is a transmittanceoperator corresponding to either a univariate function (e.g., sigmoid function,constant multiplicative weight), or a delay operator. (The symbol � is used toremind us that T is an operator whose argument is a.) The signals aj(k) maycorrespond to inputs (aj4=xj), outputs (aj4=yj), or internal signals to the net-work. Feedback of signals is permitted.



3. Let us add to a speci�c node a� a perturbation �a�(k) at time k. The per-turbation propagates through the network, resulting in e�ective perturbations�aj(k) for all nodes in the network. Through a continuous univariate functionin which aj(k) = f(ai(k)) we have, to �rst order�aj(k) = @aj(k)@ai(k)�ai(k) = f 0(aj(k))�ai(k); (47)where it must be clearly understood that �aj(k) and �ai(k) are the perturba-tions directly resulting from the external perturbation �a�(k). Through a delayoperator, aj(k) = q�1ai(k) = ai(k � 1), we have�aj(k) = �ai(k � 1) = q�1�ai(k): (48)Combining these two results with Equation 45 gives�aj(k) =Xi T 0ij ��ai(k) 8j; (49)where we de�ne T 0 2 ff 0(ai(k)); q�1g. Note that f 0(ai(k)) is a linear time-dependent transmittance. Equation 49 de�nes a derivative network that is topo-logically identical to the original network (i.e., one-to-one correspondence be-tween signals and connections). Functions are simply replaced by their deriva-tives. This is a rather obvious result, and simply states that a perturbationpropagates through the same connections and in the same direction as wouldnormal signals.4. The derivative network may be considered a time-dependent system withinput �a�(k) and outputs �y(k). We next convert this to a time-independent
ow graph by unfolding the system in time (as was done for the gradient 
owgraph in Section 6.4. Each stage in the unfolded network has a di�erent set oftransmittance values corresponding to the time step. The unraveling processstops at the �nal timeK (K is allowed to approach1). In addition, the outputs�y(n) at each stage are multiplied by �e(n)T and then summed over all stagesto produce a single output �J4=PKn=k �e(n)T�y(n).By linearity, all signals in the 
ow graph can be divided by �a�(k) so thatthe input is now 1, and the output is �J=�a�(k). In the limit of small �a�(k)lim�a�(k)!0 �J�a�(k) = lim�a�(k)!0 KXn=k�e(n)T �y(n)�a�(k) = KXn=k @e(n)Te(n)@a�(k) : (50)Since the system is causal, the partial of the error at time n with respect toa�(k) is zero for n < k. Thus,KXn=k @e(n)T e(n)@a�(k) = KXn=1 @e(n)Te(n)@a�(k) = @J@a�(k)4=��(k): (51)



The term ��(k) is precisely what we were interested in �nding. However, calcu-lating all the �i(k) terms would require separately propagating signals throughthe unraveled network with an input of 1 at each location associated with ai(k).The entire process would then have to be repeated at every time step.5. Next, take the unraveled network (i.e., 
ow graph) and form its transpose.By the principle of 
ow-graph interreciprocity (see Appendix A), the two graphshave identical transfer functions. Thus, an input of 1:0 in the transposed 
ow-graph again results in ��(k) at the output.6. The transposed graph can now be raveled back in time to produce the adjointnetwork. Since the direction of signal 
ow has been reversed, delay operators q�1become advance operators q+1. The node a�(k), which was the original sourceof an input perturbation, is now the output ��(k) as desired. The outputs of theoriginal network become inputs with value �e(k).7. The selection of the speci�c node a�(k) is arbitrary. Had we started with anynode ai(k), we would still have arrived at the same result. In all cases, the inputto the adjoint network would still be �e(k). Thus, by symmetry, every signal inthe adjoint network provides �i(k) = @J=@ai(k).Summarizing the steps involved in �nding the adjoint network, we start with theoriginal network, form the derivative network, unravel in time, transpose, andthen ravel back up in time. These steps are accomplished directly by startingwith the original network and simply swapping branching points and summingjunctions (rules 1 and 2), functions f for derivatives f 0 (rule 3), and q�1's forq+1's (rule 5).AcknowledgmentsThis work was sponsored in part by the NSF under grant ECS-9410823.ReferencesBack, A., and Tsoi, A. 1991. FIR and IIR synapses, a new neural networks archi-tecture for time series modeling.Neural Computation, vol. 3, no. 3, pages 375-85.Beaufays, F., and Wan, E. 1994a. Relating real-time backpropagation and back-propagation-through-time: an application of 
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