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Abstract

This paper advances the state of the art in the selection of minimal configurations of sensors and
actuators for active vibration control with smart structures. The method extends previous transducer
selection work by (1) presenting a unified treatment of the selection and placement of large numbers of both
sensors and actuators in a smart structure, (2) developing computationally efficient techniques to select
the best sensor-actuator pairs for multiple unknown force disturbances exciting the structure, (3) selecting
the best sensors and actuators over multiple frequencies , and (4) providing bounds on the performance
of the transducer selection algorithms. The approach is based on a novel, multidimensional extension of
the Householder QR factorization algorithm applied to the frequency response matrices that define the
vibration control problem. The key features of the algorithm are its very low computational complexity,
and a computable bound that can be used to predict whether the transducer selection algorithm will
yield an optimal configuration before completing the search. Optimal configurations will result from the
selection method when the bound is tight, which is the case for many practical vibration control problems.
This paper presents the development of the method, as well as its application in active vibration control

of a plate.



1 INTRODUCTION

Active vibration control represents the state of the art in reducing unwanted vibrations in structures. A
current focus of research in the area is the development of smart materials that can automatically sense and
then control vibrations induced from external disturbances. Smart materials for vibration control applications
typically consist of embedded sensors, actuators, communication channels, and processors that have been
programmed to implement the prescribed control law with the available transducers. However, current control
algorithms cannot effectively deal with large system configurations (many sensors and actuators resulting in
too many interconnections). Thus, subsets of transducers are often employed to achieve the desired control.
Many of these presume the existence of a control configuration (i.e., layout of the sensors and actuators and
the interconnections between them) or use ad-hoc methods to specify one, and focus instead on the design of
the best control law. This is in spite of the fact that the complexity and performance of a control system are
largely determined by the underlying control configuration (Nett and Spang, 1987).

Recent work in transducer selection algorithms can be broadly grouped into two approaches. The first
approach assumes that permissible transducer locations are a continuous function in spatial location. Ap-
proaches to solve this problem utilize numerical optimization methods where the transducer locations are
included as optimization parameters (Chen et al., 1991; Skelton and DeLorenzo, 1983; Wang et al., 1991). In
general, these methods have high computational complexity, and, as a result, have been limited to small-scale
transducer selection problems, focusing on either actuator or sensor selection (but not both). Specifically,
the methods have been applied to problems of selecting tens of transducers at a single frequency.

The second transducer selection approach treats the problem where only a fixed (finite) number of trans-
ducer locations are permissible. Approaches to solve this discrete selection problem have focused on the
use of heuristic search methods to treat the combinatorial explosion of candidate transducer configurations.
Work in this area includes efforts by Snyder and Hansen (1990). In their paper, the authors focus on the
sensor selection problem, and present an efficient least squares technique to evaluate the performance of
each sensor configuration. However, the paper does not address the problem of efficiently searching through
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all combinations and instead employs exhaustive search. As a result, the approach was limited to sensor
selection only, at a single frequency. Ruckman and Fuller (1993) extended the work by Snyder and Hansen
by focusing on selecting actuators (instead of sensors) and suggesting the use of the general body of subset
selection methods. The subset selection methods include sequential search methods (e.g., forward and back-
ward selection), which are computationally efficient but can yield unpredictably poor results. Finally, work
by Baek and Elliott (1995) employed a class of heuristic search methods known as natural algorithms for
the discrete transducer selection problem. The complexity of the search methods (simulated annealing and
genetic algorithms) is much more efficient than exhaustive search, but significantly higher than the sequential
search methods. While the methods provide a useful alternative to the sequential search methods (outper-
forming them in some cases), the computational complexity of the methods restrict their use to small-scale
transducer selection problems.

This paper presents a new discrete transducer selection method for designing active vibration control
configurations. First, the method extends previous transducer selection work by presenting a unified treatment
of the selection and placement of large numbers of both sensors and actuators in a smart structure. Second,
the new method has a very low computational complexity (lower than sequential forward selection) making
it useful for very large-scale sensor and actuator selection problems (thousands of sensor-actuator pairs).
Third, while all the approaches described above choose transducers assuming knowledge of the location of
the excitation forces on the structure (and often limit the excitation to a point force), the method described
in this paper does not require this knowledge. In this way, the best transducer locations can still be selected
for applications where the locations of the disturbing forces are not known during the design of the transducer
configuration. Fourth, the method presented here chooses the best actuators over multiple frequencies.
Finally, the paper presents a computable bound that can be used to predict whether the transducer selection
algorithm will yield an optimal configuration before completing the search. Optimal configurations will result
from the selection method when the bound is tight, which is the case for many practical vibration control
problems.

This paper is organized as follows. The next section briefly defines the vibration control problem and
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specifies measures of performance that the control law uses. Section 3 formally defines the transducer selection
problem in the context of this control law and proceeds to describe the new transducer selection approach.
We also describe the complexity of the various selection methods, showing that the multidimensional QR
algorithm is computationally more efficient than the other leading selection algorithms (including sequential
forward selection). Finally, Section 4 presents results from application of this approach to a model of a smart

plate (i.e., with embedded sensors and actuators).

2 VIBRATION CONTROL PROBLEM

In recent years, a variety of approaches have been developed for structural vibration control. A common
requirement of these approaches is knowledge of transfer functions relating disturbances, sensors, and actu-
ators to each other and to the areas on the structure that are to be controlled. Knowledge of the transfer
functions can be achieved through measurements (i.e., on-line system identification), or through the use of
structural models (e.g., finite element models). For a broad class of structures, the transfer functions can
be described by a set of linear time invariant (LTT) differential equations. The state-space form is a popular

compact representation that writes these equations in first-order form, i.e.,

x = Jx 4+ Ku (1)

y = Lx + Mu (2)

where J, K, L, and M are state matrix variables, u is a vector formed by stacking the N, disturbances and
N, actuator control inputs, x is an element state vector of first and second derivative terms, and y is a vector
of Ny sensor outputs.

Taking the Fourier transform of the state-space system in Eq. (2) yields an equivalent representation in

terms of the frequency response matrix or plant H (w):



where

H(w) = Ljwl —J)7'K + M. (4)

The frequency response matrix can be divided into four submatrices £, A, S, and C"

H(w) = : (5)

where E € C™*" is the complex disturbance transfer matrix that relates spatially distributed forces (or
pressures) at the disturbance source to spatially distributed displacements (or velocities, accelerations) in
the desired vibration control zone ( structural locations where minimal vibrations are desired); A € C™** is
the complex actuator transfer matrix relating control inputs (e.g., voltages) for all & candidate actuators to
displacements in the desired control zone; S € C'*" is the sensor transfer matrix relating spatially distributed
forces at the disturbance source to [ measured normal displacements at the candidate sensor locations on the
vibrating structure; and C' € C'** is the feedback coupling between the actuators and the sensors.

Figure 1 shows a block diagram of the vibration control problem. The responses from the disturbance to
the sensors, S, are sent to the compensator W. The outputs, W.S, are sent through the actuators, A, to the
vibration control zone. In this particular control implementation, a feedforward neutralization filter, N, is
used to “neutralize” the feedback coupling, C'; between the actuators and sensors. This technique is called
-parameterization, which has been used successfully in vibration control problems to simplify control design
(Flamm et al., 1995). Thus, AWS is an estimate of the vibrations that reach the control regions directly,

denoted by E. The problem, then, is to find a causal compensator, W, that minimizes the expression

Wh Wh
. _ 2 . 2 o
min E [| E— AWS |3 subject to E WSz < ¢, (6)
wW=wp wW=wi

where w; and wy are the low and high cutoff frequencies of the control bandwidth, respectively, and ¢ is a

scalar specified by the designer. The constraints in this problem are to ensure that the controller is physically



realizable, i.e., that the energy in the actuator inputs, W.S, does not saturate the actuators, and that the
compensator is causal.

Methods currently exist to solve the control problem in Eq. (6). An efficient time-domain method for
vibration and noise control problems that uses a conjugate-gradient minimization approach to find finite-
impulse response (FIR) controllers is described by Flamm et al. (1995). The system, developed by Olkin
et al. (1994) | has been used to design multiple-input/multiple-output controllers for broadband noise and

vibration control with large spatial extent.

3 TRANSDUCER SELECTION

Referring again to Figure 1, the choice of the actuators will change the size and nature of the S and A
frequency response matrices. Practical limitations on the number and placement of transducers often means
that vibrations in the desired control zone and disturbance forces cannot be directly measured, nor can the
forces be exactly reproduced. Satisfaction of the control objective will therefore depend on the ability of the

transducers to estimate and then manipulate these vibrations at the desired control zones.

3.1 Mathematical formulation

For the transducer selection problem, the modified control objective using reduced numbers of actuators

(Heck and Naghshineh, 1994) is given as

Wh Wh
i § E—Al, WII, S |)? bject t § I, S| <
Wllrﬂnn [ %% S|l subject to [| W Sl < e, (7)
wW=wp wW=wi

with the minimization completed over two additional parameters II, € I7™*Ne (N, < m) and TI; €
INexn (Ng < n), where I'*J is the set of all i x j binary-valued matrices. The parameters are called

actuator and sensor selectors, respectively. The columns of II, and rows of Il are unit basis vectors corres-

ponding to actuator and sensor locations (e.g., unit basis vector ug = [0 0 1 0 0] corresponds to the third



transducer position). An actuator selector matrix given as

10
M. = |0 0 (8)
0 1

would select the first and third actuator responses (columns) of A.

3.2 Key issues

The problem in Eq. (7) is difficult to solve directly because the quadratic cost function is non-differentiable.
This arises because of the discontinuous nature of the selector matrices: either a transducer is selected, or it 1s
not. As a result, the problem cannot be solved through direct extensions of the gradient-based optimization
methods (such as the conjugate gradient method), and instead has been addressed through direct enumeration
(search) methods. The complexity of the enumeration method is approximately the complexity of a complete
controller design and performance assessment for one configuration multiplied by the number of possible
transducer configurations. The number of possible configurations grows extremely rapidly as the complexity
of the system increases.

For the transducer selection problem, given m candidate sensors and n candidate actuators; the number

of distinct subsystems with k sensors and [ actuators will be

The total number of distinct subsystems will be

n m n

2. , (10)

k=11=1 k )



where each subsystem corresponds to a selected subset of the candidate transducers.

Even for modest-size problems, the number of candidate transducer configurations in Eq. (10) becomes
exceedingly large. For example, the number of possible configurations or subsystems in a system with 40
sensors and 40 actuators is approximately 1.1e4+23 (assuming only subsystems with equal numbers of sensors
and actuators are considered). To put this into perspective, if each configuration could be evaluated in 1
second (i.e., a complete control design with the compensator computed), then it would take over 3.4e+13
centuries to evaluate every possible configuration! As a result of the large numbers of possible transducer
configurations, a practical method for transducer selection will necessarily consist of suboptimal, but highly

efficient measures to assess controller quality along with fast enumeration algorithms.

3.3 Transducer selection approach: single frequency

The approach to transducer selection presented in this section employs computationally efficient heuristic
methods that avoid the high combinatorics described above. The approach consists of two main steps. First,
the problem shown in Eq. (7) is broken down into smaller, more tractable problems. Then, after the large set
of candidate transducer configurations is reduced to a small number, full controller designs are completed. In
the first step, the approach seeks submatrices of A and S selected by I1, and II; that extract the non-redundant
components of the original matrices. In addition, it is assumed that the residual error of the controller with
these full matrices can be made small,i.e., E &~ AW S at all frequencies. Beginning with the single frequency
case, the approach approximates the controller with selected transducers such that AII,WII,S ~ AWS. To
achieve this, a subspace distance measure, D, can be employed to quantify the difference between the original
and candidate submatrices. A popular measure in the statistics, numerical analysis, and signal processing

literature (Golub and Van Loan, 1989) is given as

Di(A,All,) = sinO(R(A), R(AIL,)) (11)

Dy(S,T,8) = sin®R(ST), R(11,97)), (12)



where R denotes range space, and sin © is the sine of the largest principal angle between the range subspaces
of the transfer function matrices. The largest principal angle between two subspaces F' and G is the angle
between the unit vector in F' whose orthogonal projection onto G gives the largest residual. The sine of
the largest principal angle is equivalent to the 2-norm of the difference (residual) between the orthogonal
projections onto the range spaces of the matrices.

Since the largest principal angle corresponds to a worst-case residual, it can be argued that the selector
matrices should be chosen to make the distance measures in Egs. (11) and (12) as small as possible. However,
for the vibration control problem, such an approach could lead to large actuator inputs, which would violate
the constraints in Eq. (7). To see this, consider the following example (Golub and Van Loan, 1989). Let
S II, = I'in Eq. (7), where [ is the identity matrix. Also, let w = w, so that the minimization is completed

over a single frequency. We can rewrite the minimization problem as
I}raniTn | E— AT, W || subject to|| W3 < c. (13)

If the goal is to find the two best actuators, and

1 1 0 1
A=11 14¢ 1|, E=| 11|, (14)
0 0 1 0

then choosing the first two actuators (first two columns of A) gives the residual || E — All, [|3 = 0, but
|| (AO)TE ||2 = || Wis ||2 = O(1/¢), where QT is the Moore-Penrose pseudoinverse operator (Stewart,
1984). As € gets smaller, the actuator weights will grow and eventually violate the constraint in Eq. (13).
On the other hand, the other two possible subsets of actuators will lead to small weight norms, but with a
much worse residual.

This example highlights the tradeoff that exists between choosing an independent set of actuators and

choosing a set that minimizes the residual control error. A similar tradeoff occurs in the use of subset selection
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methods (Golub et al., 1976) to solve general rank-deficient least-squares problems. A solution developed
for this problem uses a Householder QR with column-pivoting factorization. For the transducer selection
problem, the factorization can be used to efficiently find an independent set of actuators and sensors. In
addition, if the proper number of transducers is selected, the residuals in Eq. (7) can be made small.

The Householder QR algorithm can be described as follows. Let G € C™*™ matrix be representative of

the A and S matrices in Egs. (11) and (12). The QR decomposition of G can be written as

G = @R

Ry Rpg
Q ;
0 R

where @ € R7*™ has orthonormal columns (QTQ = 1I), Ry is a k x k matrix with a condition number
approximately equal to o1/, || Raz || is of the order o441, and k is the rank of G. Pivoting (or permuting)
the columns of the QR factorization can be used to make Rss small. For a rank-deficient matrix with
r = rank (), column pivoting can yield

. Ry Ry
oGP = , (15)

where Ryy € C"*" is upper triangular and nonsingular, and Rj, € C"~"*". With the column partitionings

GP =[gp,,9pss-- > 9p,) and @ =[q1, 42, ..., ¢m], and r;; denoting the (4, j)-th element of R, we have

min{r,k}

Gp, = Z rikq; € span{qi,qs,...,q-} fork=1:n. (16)
i=1

This implies that the range(G) = span{g¢i,...,¢-} = span{gp,,...,gp, - In other words, column pivoting
can be used to find a subset of columns in a rank-deficient matrix that has the same range space as the
original matrix, making the principal angles between the original and submatrix go to zero. In addition, the

Householder procedure described in Golub and Van Loan (1989) ensures that the resulting submatrix of G is
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also well-conditioned (i.e., that the columns are sufficiently independent). Selecting actuators, for example,
with this procedure (columns of A in Eq. (7)) will make the distance measure in Eq. (11) go to zero and
yield a subset with the same control authority as the original, densely packed set of actuators.

In most vibration control problems of interest, the rank of the A and ST matrices will not be exactly
zero. Rather, because of numerical approximations, the rank can only be specified in terms of a threshold
on singular values, called the numerical rank (Stewart, 1984). A consequence is that nonzero differences will
exist between the range spaces of the original and selected submatrices. As a result, a method is required to
determine the circumstances under which the differences between the range spaces is small. A useful bound

(Golub and Van Loan, 1989) can be determined that specifies these circumstances, i.e.,

SinO(A, ATL) < o || R | (17)

sin©(S", (SIL)T) < owp [ BT (18)

where 0,41 and o541 are the (r+ 1)st and (s + 1)st largest singular values of A and S, respectively, and the
submatrix Ryy (this in general will be a different matrix for A and .S) in the QR factorizations is guaranteed
to be of the order o1 for A and ;! for S. These bounds show a sufficient condition for small errors; i.e.,
if there exists a large gap in successive singular values, called the spectral gap, then the error will be small.
For transducer selection, these bounds provide a useful criterion for the optimality of a given configuration.
Also, they give a direct correspondence between the numerical rank of the frequency response matrices and
the number of required transducers; e.g., if the numerical rank of the actuator frequency response matrix is

k, then k actuators are required.

3.4 Broadband extension

The goal for the broadband transducer selection problem is to minimize the expression in Eq. (7) with a
single configuration over all frequencies of interest. For the broadband case, we extend the Householder

procedure to compute factorizations over multiple matrices. The approach is as follows. Assume for some &
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and frequency w; that we have computed Householder matrices Hy, ..., Hr_1 and permutations Py, ..., Px_1

such that

(Hp—1(wi) -+ Hi(wi))Gwi)(Pr(wi) - Peca(wi)) = RS wy) (19)

0 Ry (wi)

where R(ﬁ_l)(wi) e Ch-1)x(k=1) R(lg_l)(wi) e Cln=k+1)x(k=1) and R(Zg_l)(wi) € Cln=k+1)x(m=k+1) The
single-frequency Householder method moves the column of GG corresponding to the largest column in Rag(w;)
to the kth column position (the lead position in the Raa(w;) matrix), where largest is specified by the
selection of a vector norm. The column exchanges are accomplished with the permutation matrix P(w;).
This is followed by a left multiplication by a Householder matrix that zeroes all the subdiagonal components
of the largest Ras(w;) column vector. The procedure stops when k& — 1 = rank(G(w;)).

For the broadband case (multiple G matrices), instead of permuting a G(w;) based on the column with

the largest vector norm in R(Zg_l), we permute G(w1), ..., G(wy) based on one of eight possible performance
measures on the matrix consisting of a column from each Raa(wi), ..., Raa(wy) matrix.

These performance measures, discussed and analyzed in more detail in Olkin, Heck, and Naghshineh
(1996) , can be selected depending on the application. The first four performance measures are the three
induced matrix norms, [y, l5 and l,, and the Frobenius norm. The fifth performance measure chooses the
smallest singular value of each actuator which helps minimize the effect of deep nulls in an actuator frequency
response, which can lead to nonrobust control designs with poor performance. The sixth measure chooses
the actuator response with the largest average value over all frequencies and response locations. The seventh
measure is the ratio of the minimum to maximum actuator response over frequency, reflecting the fact that
flatter actuator frequency responses are often desirable due to noise control robustness and performance
considerations. The last performance measure attempts to minimize the effect of spatial nulls by choosing

the maximum row sum of the actuator matrix.
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As was the case with a single matrix, this permutation step is followed by left multiplying each G(w1),
cosy G(wp) with the corresponding Householder matrices that will zero the subdiagonal components of the
selected columns for each Ras(wi), ..., Raa(wy) matrix. Figure 2 illustrates this multidimensional broadband
extension of the Householder QR factorization with column pivoting. Note that P is not a function of
frequency; hence this matrix of ones and zeros is the same for each frequency.

For the broadband case, the error bounds in Egs. (17) and (18) hold for each frequency, i.e.,

sin©(A(wr), A(wi)ly) < oppr(wr) || Rar(wr) ™|
sin©(A(wa), A(wa)Ily) < oy (wo) || Rar(ws) ™" ||
sin O(A(wn), Alwn)a) < gpp1(wn) || Rar(wn) ™" ||

and

sin@(S(w1)”, (Sw)L)") < oeqa(wr) || Ras(wr) ™" ]
sin@(S(w2)”, (S(w2)L)") < oeqa(ws) || Raswa) ™" ||
sin©(S(wn)”, (S(wn)lL)") < osqilwn) | Rislwn) ™" -

The bounds hold for each frequency because the derivation of the bounds does not depend upon the specific
properties of the QR factorization. Rather, the proof holds for a general R;; matrix. However, the quality of

the bound may be adversely affected if || Ry} || is not on the order of O'k_1.

3.5 Computational complexity of approach

The algorithm for implementing the transducer selection approach described above is computationally efficient

and, as a result, can be used for very large-scale problems involving hundreds to thousands of sensors and
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actuators. Specifically, suppose we are choosing & actuators out of Ny total actuators, with N, error sensors,
over Ny frequencies. Each of the following transducer selection methods requires some sort of computation of
the residual of the active vibration control system. Let O(residual)y represent the flop count for computing
the system residual with & actuators. Then Table 1 gives a general complexity overview of some actuator
selection methods, and the dominating term by way of easy comparison. The methods are (i) Exhaustive
Search, in which all combinations of & actuators are considered, (ii) Best k, in which each actuator is evaluated
individually and the Best k are chosen, (iii) sequential forward selection, in which actuators are added to
the chosen set based on which new actuator will behave the best with those already chosen, and finally, (iv)
Multidimensional QR, the algorithm presented in this paper. Choosing k out of Ny sensors yields similar
relative complexity counts as in Table 1, with Multidimensional QR still more computational efficient than

the SFS method. For brevity, we include results for the actuators only.

Table 1: Algorithm Complexity For Choosing k out of N4 Actuators

Method General Complexity Dominating Term
Exhaustive Search ka,(N k),(’)(residual)k ka,(N k),(6N k% 4+ 20k3)
Multidim. QR Zle iO(column-selection)+ k*(Ny N2+ N3)+ kNy N2 + N¢ N,

N;O(Householder transform)
Seq. Forward Sel. Zle{(]\fd — i+ 1)O(residual); } | k*NfNgNe + k* Ny Ng — k>N
Best k N4gN¢O(residual), TNy NgN.

It can be difficult to compare the dominating terms, so as way of example, consider a system with 40
possible actuators in which only 20 can be kept. Assume there are 20 error sensors measuring the actuator
responses over 300 frequencies. Then the complexity for these four methods are shown in Table 2, printed

in order of optimality of solution.

Table 2: Example Complexity Comparison

Method Complexity
Exhaustive Search 6.9e19
Sequential Forward Selection | 3.8e9
Multidimensional QR 9.9e7

Best & 1.7¢6
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Notice that the Multidimensional QR algorithm is more efficient than sequential forward selection, and
comparable with Best K. In addition, the method is guaranteed to perform as well or better than both SFS
and Best K. As will be demonstrated in the next section, the efficiency of this procedure enables practical

transducer selection for large-scale problems.

4 NUMERICAL RESULTS

The methods described in the previous section were applied to the problem of controlling vibrations on a
smart plate model (embedded sensors and actuators). The SPICES consortium’s solid-plate model (Flamm
et al. 1995) was considered.

As shown in Figure 3, the plate is a layered composite material 46 x 46 x 1.2 cm. (18 x 18 x 0.5 in.),
connected to an infinite, rigid base on the bottom of the plate at the four corners (indicated by the black
dots). The plate was excited with a point force with x, y, and z components. The force was applied to the
plate through a stiff tripod (all three connections with the plate move together to simulate connectors between
the plate and attached machinery). The forcing function was an impulse with flat frequency response. The
first 268 natural frequencies and mode shapes of this 3858-node plate model were used in the computation
of frequency response matrices (admittance) relating excitation force to displacement.

The sensor models used in this numerical experiment measure point displacements. For the sensor place-
ment studies, 361 evenly spaced candidate sensor locations were used. The candidate locations were on a
19 x 19 grid (2.5 cm=1 in. from nearest neighbor) in the middle layer (denoted by the dashed line). For the
actuator placement studies, simple two-dimensional actuators were modeled and incorporated into the plate
model. The actuators have length and depth (into the plate), but no width. Figure 4 shows a cross-section
side view of the plate with an embedded actuator. The directional forces in the model are shown as +F,
which produce an effective bending moment about the center of the actuator. A total of 180 candidate actu-
ator locations were specified for the actuator selection studies. From a top view of the plate (xy projection),
the actuator locations formed a checkerboard pattern, as illustrated in the right plot in Figure 3. The lines
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between the dots on the checkerboard pattern represent the actuators, and all horizontal and vertical lines,
represented by letters in this schematic, are considered actuators. The goal of the vibration control system
was to reduce the transmission of forces over 500-4000 Hz from the tripod excitation to the connectors at
the four corners of the plate. Thus, the four corners of the plate model represent the vibration control zone.
All control law designs used FIR implementations designed using the conjugate-gradient method described
in Section 2. The FIR weights were found by solving the minimization problem in Eq. (6).

To select the sensors and actuators, the continuous, time-domain, state-space model responses were
sampled and used to compute the frequency response matrices S and A in Eq. (7). The sensor and ac-
tuator selction was then performed using these matrices. Finally, the FIR controller was implemented and
the controlled system responses computed.

The S matrix consisted of 361 rows (corresponding to sensor responses), and the A matrix had 180 columns
(actuator responses). The broadband extension of the Householder QR with column-pivoting factorization
was applied to these matrices to find the columns of A and rows of S’ that formed matrices with approximately
the same range space as the original matrices. As described in Section 3.4, the matrix 2-norm was used by
the Householder algorithm to select the columns of the response matrices. The numerical rank of the S
matrix (with a threshold set @ -30 dB) was approximately 3. Based on this, three sensors were chosen. Their
locations correspond to the connector points between the tripod and the plate in Figure 3. The numerical
rank of the A matrix was approximately 4. The left plot in Figure 5 shows the locations of the actuators and
sensors chosen by the broadband QR method. The right plot shows the uncontrolled (dashed) and controlled
(solid) time-domain impulse responses for the control bandwidth at the # = 17 in., y = 17 in. connector.
As can be seen, this control configuration quickly reduces the vibration transmission from the tripod to the
connectors. Figure 6 shows the power spectral density (psd) of the uncontrolled and controlled vibration
responses for the sensor-actuator layout chosen by the multidimensional QR algorithm. The lines shown
represent the root mean squared (RMS) of the values of the responses at all four feet from the x, y, and 2z
tripod excitation. As can be seen, the controller effectively reduces the transmission power over the control

bandwidth (500-4000 Hz).
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To compare the QR-based designs with manually selected actuator locations, additional designs were
completed, chosen to be intuitively competitive. The results are shown in Figures 7 through 10 (all cases
used the QR sensor configuration). As can be seen, the performance for each design were inferior to those
of the QR-based actuator configuration. Table 3 shows the in-band control performance (500-4000Hz) at
each of the four feet (or corners) of the plate in dB. The three configurations of actuator placement are the
QR-based configuration and the two comparison configurations shown in Figures 7 and 9. Notice that the
performance at all four corners for the QR-based configuration is about the same level, whereas there is much

more variation for the other two configurations, and even some enhancement.

Table 3: Performance Comparison.

In-Band Performance (dB)
Configuration || Corner 1 | Corner 2 | Corner 3 | Corner 4
QR 10.9 10.9 11.4 11.4
Figure 7 6.86 -.24 .76 -.40
Figure 9 10.6 5.8 2.3 3.2

5 SUMMARY

This paper has presented a computationally efficient, unifying method for broadband sensor and actuator
selection. The method is based on the Householder QR with column-pivoting factorization of the system’s
frequency response matrices. Using the Householder algorithm, upper bounds were presented on the errors
induced by selecting a subset of transducers. The bounds can be computed efficiently, as they are in terms
of the singular values of the response matrices. Also, they serve as sufficient conditions for optimality of
the transducer selection method, such that rank-deficient response matrices with large spectral gaps in the
singular values cause the bounds in Eq. (17) and Eq. (18) to reach equality instead of inequality. Finally, the
multidimensional extension of the Householder QR procedure developed in this paper provides a practical
method of selecting sensors and actuators that yield effective control over a broad band of frequencies. The

new method is more efficient than sequential forward selection and has an order of complexity approaching
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that of simply choosing the best K transducers independently. However, the new method performs as well
or better than both competing algorithms. Future work will extend this method to minimize the required

interconnections between the sensors and actuators.
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Table Legends

Table 1: Algorithm Complexity For Choosing k out of N; Actuators.
Table 2: Example Complexity Comparison.

Table 3: Performance Comparison.

20



Figure Legends

Figure 1: Block diagram of the vibration control problem. The responses from the disturbance to the
sensors, S, are sent to the compensator W. The outputs, WS, are sent through the actuators, A, to

the vibration control zone. A feedforward neutralization filter, IV, is used to “neutralize” the feedback

bl

coupling, C'| between the actuators and sensors.
Figure 2: Multidimensional Householder QR factorization with column pivoting.

Figure 3: The left plot shows the solid-plate model developed by the SPICES consortium. The right plot

shows the pattern for the 180 candidate actuator locations embedded in the SPICES plate.
Figure 4: Actuator Model.

Figure 5: Locations of the actuators and sensors chosen by the broadband QR method (left). The uncon-
trolled (dashed) and the controlled (solid) time-domain impulse responses for the control bandwidth

for the connector located at # = 17in., y = 17in. (right).

Figure 6: Plot of the RMS values of the uncontrolled (solid) and the controlled (dashed) responses at all

four feet for the configuration chosen by the QR algorithm.

Figure 7: Locations of the actuators and sensors chosen by the authors for comparison to the QR method
(left). The uncontrolled (dashed) and the controlled (solid) time-domain impulse responses for the

control bandwidth for the connector located at @ = 17in., y = 17in. (right).

Figure 8: Plot of the RMS of the uncontrolled (solid) and the controlled (dashed) responses at all four feet

for the configuration chosen by the authors.

Figure 9: Locations of the actuators and sensors chosen by the authors for comparison to the QR method
(left). The uncontrolled (dashed) and the controlled (solid) time-domain impulse responses for the

control bandwidth for the connector located at @ = 17in., y = 17in. (right).
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Figure 10: Plot of the RMS of the uncontrolled (solid) and the controlled (dashed) responses at all four

feet for the configuration chosen by the authors.
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Figure 1: Block diagram of the vibration control problem. The responses from the disturbance to the sensors,
S, are sent to the compensator W. The outputs, W.S, are sent through the actuators, A, to the vibration
control zone. A feedforward neutralization filter, N, is used to “neutralize” the feedback coupling, C, between
the actuators and sensors.
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Figure 2: Multidimensional Householder QR factorization with column pivoting.
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Figure 3: The left plot shows the solid-plate model developed by the SPICES consortium. The right plot
shows the pattern for the 180 candidate actuator locations embedded in the SPICES plate.
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Figure 5: Locations of the actuators and sensors chosen by the broadband QR method (left). The uncontrolled
(dashed) and the controlled (solid) time-domain impulse responses for the control bandwidth for the connector
located at » = 17in., y = 17in. (right).
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Figure 6: Plot of the largest singular values of the uncontrolled (solid) and the controlled (dashed) responses
at all four feet for the configuration chosen by the QR algorithm.

28



| — P ~ e
-7 = ~o N [N
7 [ RN [ S
259 - } A o~ ~_ S }
- | o ~o S~ 1 T~C
2 e [ — RN ~
Z (inches) ! —=7 -7 T~ ~d ™~ ! .
T T o el Ty B
150 b 1 “L\\ ! ot
P o 5
14—~ } Sk ! *
[
5
05 2 ‘ |
<
\
0.
18
18
|
o |
X (inches) |
Y (inches) 0 0.01 0.02 0.03 0.04 0.05 0.06

Time (sec)

Figure 7: Locations of the actuators and sensors chosen by the authors for comparison to the QR method
(left). The uncontrolled (dashed) and the controlled (solid) time-domain impulse responses for the control
bandwidth for the connector located at x = 17in., y = 17in. (right).
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Figure 8: Plot of the largest singular values of the uncontrolled (solid) and the controlled (dashed) responses
at all four feet for the configuration chosen by the authors.
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Figure 9: Locations of the actuators and sensors chosen by the authors for comparison to the QR method
(left). The uncontrolled (dashed) and the controlled (solid) time-domain impulse responses for the control
bandwidth for the connector located at x = 17in., y = 17in. (right).
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Figure 10: Plot of the largest singular values of the uncontrolled (solid) and the controlled (dashed) responses
at all four feet for the configuration chosen by the authors.
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