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1 INTRODUCTIONActive vibration control represents the state of the art in reducing unwanted vibrations in structures. Acurrent focus of research in the area is the development of smart materials that can automatically sense andthen control vibrations induced from external disturbances. Smart materials for vibration control applicationstypically consist of embedded sensors, actuators, communication channels, and processors that have beenprogrammed to implement the prescribed control law with the available transducers. However, current controlalgorithms cannot e�ectively deal with large system con�gurations (many sensors and actuators resulting intoo many interconnections). Thus, subsets of transducers are often employed to achieve the desired control.Many of these presume the existence of a control con�guration (i.e., layout of the sensors and actuators andthe interconnections between them) or use ad-hoc methods to specify one, and focus instead on the design ofthe best control law. This is in spite of the fact that the complexity and performance of a control system arelargely determined by the underlying control con�guration (Nett and Spang, 1987).Recent work in transducer selection algorithms can be broadly grouped into two approaches. The �rstapproach assumes that permissible transducer locations are a continuous function in spatial location. Ap-proaches to solve this problem utilize numerical optimization methods where the transducer locations areincluded as optimization parameters (Chen et al., 1991; Skelton and DeLorenzo, 1983; Wang et al., 1991). Ingeneral, these methods have high computational complexity, and, as a result, have been limited to small-scaletransducer selection problems, focusing on either actuator or sensor selection (but not both). Speci�cally,the methods have been applied to problems of selecting tens of transducers at a single frequency.The second transducer selection approach treats the problem where only a �xed (�nite) number of trans-ducer locations are permissible. Approaches to solve this discrete selection problem have focused on theuse of heuristic search methods to treat the combinatorial explosion of candidate transducer con�gurations.Work in this area includes e�orts by Snyder and Hansen (1990). In their paper, the authors focus on thesensor selection problem, and present an e�cient least squares technique to evaluate the performance ofeach sensor con�guration. However, the paper does not address the problem of e�ciently searching through2



all combinations and instead employs exhaustive search. As a result, the approach was limited to sensorselection only, at a single frequency. Ruckman and Fuller (1993) extended the work by Snyder and Hansenby focusing on selecting actuators (instead of sensors) and suggesting the use of the general body of subsetselection methods. The subset selection methods include sequential search methods (e.g., forward and back-ward selection), which are computationally e�cient but can yield unpredictably poor results. Finally, workby Baek and Elliott (1995) employed a class of heuristic search methods known as natural algorithms forthe discrete transducer selection problem. The complexity of the search methods (simulated annealing andgenetic algorithms) is much more e�cient than exhaustive search, but signi�cantly higher than the sequentialsearch methods. While the methods provide a useful alternative to the sequential search methods (outper-forming them in some cases), the computational complexity of the methods restrict their use to small-scaletransducer selection problems.This paper presents a new discrete transducer selection method for designing active vibration controlcon�gurations. First, the method extends previous transducer selection work by presenting a uni�ed treatmentof the selection and placement of large numbers of both sensors and actuators in a smart structure. Second,the new method has a very low computational complexity (lower than sequential forward selection) makingit useful for very large-scale sensor and actuator selection problems (thousands of sensor-actuator pairs).Third, while all the approaches described above choose transducers assuming knowledge of the location ofthe excitation forces on the structure (and often limit the excitation to a point force), the method describedin this paper does not require this knowledge. In this way, the best transducer locations can still be selectedfor applications where the locations of the disturbing forces are not known during the design of the transducercon�guration. Fourth, the method presented here chooses the best actuators over multiple frequencies.Finally, the paper presents a computable bound that can be used to predict whether the transducer selectionalgorithm will yield an optimal con�guration before completing the search. Optimal con�gurations will resultfrom the selection method when the bound is tight, which is the case for many practical vibration controlproblems.This paper is organized as follows. The next section brie
y de�nes the vibration control problem and3



speci�es measures of performance that the control law uses. Section 3 formally de�nes the transducer selectionproblem in the context of this control law and proceeds to describe the new transducer selection approach.We also describe the complexity of the various selection methods, showing that the multidimensional QRalgorithm is computationally more e�cient than the other leading selection algorithms (including sequentialforward selection). Finally, Section 4 presents results from application of this approach to a model of a smartplate (i.e., with embedded sensors and actuators).2 VIBRATION CONTROL PROBLEMIn recent years, a variety of approaches have been developed for structural vibration control. A commonrequirement of these approaches is knowledge of transfer functions relating disturbances, sensors, and actu-ators to each other and to the areas on the structure that are to be controlled. Knowledge of the transferfunctions can be achieved through measurements (i.e., on-line system identi�cation), or through the use ofstructural models (e.g., �nite element models). For a broad class of structures, the transfer functions canbe described by a set of linear time invariant (LTI) di�erential equations. The state-space form is a popularcompact representation that writes these equations in �rst-order form, i.e.,_x = Jx + Ku (1)y = Lx + Mu (2)where J , K, L, and M are state matrix variables, u is a vector formed by stacking the Nd disturbances andNa actuator control inputs, _x is an element state vector of �rst and second derivative terms, and y is a vectorof Ns sensor outputs.Taking the Fourier transform of the state-space system in Eq. (2) yields an equivalent representation interms of the frequency response matrix or plant H(!):Y (!) = H(!)U (!) ; (3)4



where H(!) = L(j!I � J)�1K +M : (4)The frequency response matrix can be divided into four submatrices E, A, S, and C:H(!) = 2664 E(!) A(!)S(!) C(!) 3775 ; (5)where E 2 Cm�n is the complex disturbance transfer matrix that relates spatially distributed forces (orpressures) at the disturbance source to spatially distributed displacements (or velocities, accelerations) inthe desired vibration control zone ( structural locations where minimal vibrations are desired); A 2 Cm�k isthe complex actuator transfer matrix relating control inputs (e.g., voltages) for all k candidate actuators todisplacements in the desired control zone; S 2 Cl�n is the sensor transfer matrix relating spatially distributedforces at the disturbance source to l measured normal displacements at the candidate sensor locations on thevibrating structure; and C 2 Cl�k is the feedback coupling between the actuators and the sensors.Figure 1 shows a block diagram of the vibration control problem. The responses from the disturbance tothe sensors, S, are sent to the compensator W . The outputs, WS, are sent through the actuators, A, to thevibration control zone. In this particular control implementation, a feedforward neutralization �lter, N , isused to \neutralize" the feedback coupling, C, between the actuators and sensors. This technique is calledQ-parameterization, which has been used successfully in vibration control problems to simplify control design(Flamm et al., 1995). Thus, AWS is an estimate of the vibrations that reach the control regions directly,denoted by E. The problem, then, is to �nd a causal compensator, W , that minimizes the expressionminW !hX!=!l k E � AWS k22 subject to !hX!=!l k WS k22 � c ; (6)where !l and !h are the low and high cuto� frequencies of the control bandwidth, respectively, and c is ascalar speci�ed by the designer. The constraints in this problem are to ensure that the controller is physically5



realizable, i.e., that the energy in the actuator inputs, WS, does not saturate the actuators, and that thecompensator is causal.Methods currently exist to solve the control problem in Eq. (6). An e�cient time-domain method forvibration and noise control problems that uses a conjugate-gradient minimization approach to �nd �nite-impulse response (FIR) controllers is described by Flamm et al. (1995). The system, developed by Olkinet al. (1994) , has been used to design multiple-input/multiple-output controllers for broadband noise andvibration control with large spatial extent.3 TRANSDUCER SELECTIONReferring again to Figure 1, the choice of the actuators will change the size and nature of the S and Afrequency response matrices. Practical limitations on the number and placement of transducers often meansthat vibrations in the desired control zone and disturbance forces cannot be directly measured, nor can theforces be exactly reproduced. Satisfaction of the control objective will therefore depend on the ability of thetransducers to estimate and then manipulate these vibrations at the desired control zones.3.1 Mathematical formulationFor the transducer selection problem, the modi�ed control objective using reduced numbers of actuators(Heck and Naghshineh, 1994) is given asminW;�a;�s !hX!=!l k E � A �a W �s S k22 subject to !hX!=!l kW �s S k22 � c ; (7)with the minimization completed over two additional parameters �a 2 Im�Na (Na < m) and �s 2INs�n (Ns < n), where Ii�j is the set of all i � j binary-valued matrices. The parameters are calledactuator and sensor selectors, respectively. The columns of �a and rows of �s are unit basis vectors corres-ponding to actuator and sensor locations (e.g., unit basis vector u3 = [0 0 1 0 0]T corresponds to the third6



transducer position). An actuator selector matrix given as�a = 26666664 1 00 00 1 37777775 (8)would select the �rst and third actuator responses (columns) of A.3.2 Key issuesThe problem in Eq. (7) is di�cult to solve directly because the quadratic cost function is non-di�erentiable.This arises because of the discontinuous nature of the selector matrices: either a transducer is selected, or it isnot. As a result, the problem cannot be solved through direct extensions of the gradient-based optimizationmethods (such as the conjugate gradient method), and instead has been addressed through direct enumeration(search) methods. The complexity of the enumeration method is approximately the complexity of a completecontroller design and performance assessment for one con�guration multiplied by the number of possibletransducer con�gurations. The number of possible con�gurations grows extremely rapidly as the complexityof the system increases.For the transducer selection problem, given m candidate sensors and n candidate actuators, the numberof distinct subsystems with k sensors and l actuators will be0BB@ mk 1CCA0BB@ nl 1CCA �= m!k!(m� k)! n!l!(n� l)! : (9)The total number of distinct subsystems will bemXk=1 nXl=1 0BB@ mk 1CCA0BB@ nl 1CCA ; (10)7



where each subsystem corresponds to a selected subset of the candidate transducers.Even for modest-size problems, the number of candidate transducer con�gurations in Eq. (10) becomesexceedingly large. For example, the number of possible con�gurations or subsystems in a system with 40sensors and 40 actuators is approximately 1.1e+23 (assuming only subsystems with equal numbers of sensorsand actuators are considered). To put this into perspective, if each con�guration could be evaluated in 1second (i.e., a complete control design with the compensator computed), then it would take over 3.4e+13centuries to evaluate every possible con�guration! As a result of the large numbers of possible transducercon�gurations, a practical method for transducer selection will necessarily consist of suboptimal, but highlye�cient measures to assess controller quality along with fast enumeration algorithms.3.3 Transducer selection approach: single frequencyThe approach to transducer selection presented in this section employs computationally e�cient heuristicmethods that avoid the high combinatorics described above. The approach consists of two main steps. First,the problem shown in Eq. (7) is broken down into smaller, more tractable problems. Then, after the large setof candidate transducer con�gurations is reduced to a small number, full controller designs are completed. Inthe �rst step, the approach seeks submatrices ofA and S selected by �a and �s that extract the non-redundantcomponents of the original matrices. In addition, it is assumed that the residual error of the controller withthese full matrices can be made small, i.e., E � AWS at all frequencies. Beginning with the single frequencycase, the approach approximates the controller with selected transducers such that A�aW�sS � AWS. Toachieve this, a subspace distance measure, Ds, can be employed to quantify the di�erence between the originaland candidate submatrices. A popular measure in the statistics, numerical analysis, and signal processingliterature (Golub and Van Loan, 1989) is given asDs(A;A�a) = sin�(R(A);R(A�a)) (11)Ds(S;�sS) = sin�(R(ST );R((�sS)T )) ; (12)8



where R denotes range space, and sin� is the sine of the largest principal angle between the range subspacesof the transfer function matrices. The largest principal angle between two subspaces F and G is the anglebetween the unit vector in F whose orthogonal projection onto G gives the largest residual. The sine ofthe largest principal angle is equivalent to the 2-norm of the di�erence (residual) between the orthogonalprojections onto the range spaces of the matrices.Since the largest principal angle corresponds to a worst-case residual, it can be argued that the selectormatrices should be chosen to make the distance measures in Eqs. (11) and (12) as small as possible. However,for the vibration control problem, such an approach could lead to large actuator inputs, which would violatethe constraints in Eq. (7). To see this, consider the following example (Golub and Van Loan, 1989). LetS;�s = I in Eq. (7), where I is the identity matrix. Also, let ! = !q so that the minimization is completedover a single frequency. We can rewrite the minimization problem asminW;�a k E � A �a W k22 subject to k W k22 � c : (13)If the goal is to �nd the two best actuators, andA = 26666664 1 1 01 1 + � 10 0 1 37777775 ; E = 26666664 1�10 37777775 ; (14)then choosing the �rst two actuators (�rst two columns of A) gives the residual k E � A�a k22 = 0, butk (A�a)yE k22 = k WLS k22 = O(1=�), where Qy is the Moore-Penrose pseudoinverse operator (Stewart,1984). As � gets smaller, the actuator weights will grow and eventually violate the constraint in Eq. (13).On the other hand, the other two possible subsets of actuators will lead to small weight norms, but with amuch worse residual.This example highlights the tradeo� that exists between choosing an independent set of actuators andchoosing a set that minimizes the residual control error. A similar tradeo� occurs in the use of subset selection9



methods (Golub et al., 1976) to solve general rank-de�cient least-squares problems. A solution developedfor this problem uses a Householder QR with column-pivoting factorization. For the transducer selectionproblem, the factorization can be used to e�ciently �nd an independent set of actuators and sensors. Inaddition, if the proper number of transducers is selected, the residuals in Eq. (7) can be made small.The Householder QR algorithm can be described as follows. Let G 2 Cm�n matrix be representative ofthe A and S matrices in Eqs. (11) and (12). The QR decomposition of G can be written asG = QR= Q0BB@ R11 R120 R22 1CCA ;where Q 2 <m�m has orthonormal columns (QTQ = I), R11 is a k � k matrix with a condition numberapproximately equal to �1=�k, k R22 k is of the order �k+1, and k is the rank of G. Pivoting (or permuting)the columns of the QR factorization can be used to make R22 small. For a rank-de�cient matrix withr = rank(G), column pivoting can yieldQTGP = 2664 R11 R120 0 3775 ; (15)where R11 2 Cr�r is upper triangular and nonsingular, and R12 2 Cn�r�r. With the column partitioningsGP = [gp1 ; gp2 ; : : : ; gpn] and Q = [q1; q2; : : : ; qm], and rij denoting the (i; j)-th element of R, we havegpk = minfr;kgXi=1 rikqi 2 spanfq1; q2; : : : ; qrg for k = 1 : n : (16)This implies that the range(G) = spanfq1; : : : ; qrg = spanfgp1 ; : : : ; gprg. In other words, column pivotingcan be used to �nd a subset of columns in a rank-de�cient matrix that has the same range space as theoriginal matrix, making the principal angles between the original and submatrix go to zero. In addition, theHouseholder procedure described in Golub and Van Loan (1989) ensures that the resulting submatrix of G is10



also well-conditioned (i.e., that the columns are su�ciently independent). Selecting actuators, for example,with this procedure (columns of A in Eq. (7)) will make the distance measure in Eq. (11) go to zero andyield a subset with the same control authority as the original, densely packed set of actuators.In most vibration control problems of interest, the rank of the A and ST matrices will not be exactlyzero. Rather, because of numerical approximations, the rank can only be speci�ed in terms of a thresholdon singular values, called the numerical rank (Stewart, 1984). A consequence is that nonzero di�erences willexist between the range spaces of the original and selected submatrices. As a result, a method is required todetermine the circumstances under which the di�erences between the range spaces is small. A useful bound(Golub and Van Loan, 1989) can be determined that speci�es these circumstances, i.e.,sin�(A;A�a) � �r+1 k R�111 k (17)sin�(ST ; (S�s)T ) � �s+1 k R�111 k ; (18)where �r+1 and �s+1 are the (r+ 1)st and (s+ 1)st largest singular values of A and S, respectively, and thesubmatrix R11 (this in general will be a di�erent matrix for A and S) in the QR factorizations is guaranteedto be of the order ��1r for A and ��1s for S. These bounds show a su�cient condition for small errors; i.e.,if there exists a large gap in successive singular values, called the spectral gap, then the error will be small.For transducer selection, these bounds provide a useful criterion for the optimality of a given con�guration.Also, they give a direct correspondence between the numerical rank of the frequency response matrices andthe number of required transducers; e.g., if the numerical rank of the actuator frequency response matrix isk, then k actuators are required.3.4 Broadband extensionThe goal for the broadband transducer selection problem is to minimize the expression in Eq. (7) with asingle con�guration over all frequencies of interest. For the broadband case, we extend the Householderprocedure to compute factorizations over multiple matrices. The approach is as follows. Assume for some k11



and frequency !i that we have computed Householder matrices H1; : : : ;Hk�1 and permutations P1; : : : ; Pk�1such that (Hk�1(!i) � � �H1(!i))G(!i)(P1(!i) � � �Pk�1(!i)) = Rk�1(!i) (19)= 2664 R(k�1)11 (!i) R(k�1)12 (!i)0 R(k�1)22 (!i) 3775 ; (20)where R(k�1)11 (!i) 2 C(k�1)�(k�1), R(k�1)12 (!i) 2 C(n�k+1)�(k�1), and R(k�1)22 (!i) 2 C(n�k+1)�(m�k+1). Thesingle-frequency Householder method moves the column of G corresponding to the largest column in R22(!i)to the kth column position (the lead position in the R22(!i) matrix), where largest is speci�ed by theselection of a vector norm. The column exchanges are accomplished with the permutation matrix P (!i).This is followed by a left multiplication by a Householder matrix that zeroes all the subdiagonal componentsof the largest R22(!i) column vector. The procedure stops when k � 1 = rank(G(!i)).For the broadband case (multiple G matrices), instead of permuting a G(!i) based on the column withthe largest vector norm in R(k�1)22 , we permute G(!1); : : : ; G(!n) based on one of eight possible performancemeasures on the matrix consisting of a column from each R22(!1); : : : ; R22(!n) matrix.These performance measures, discussed and analyzed in more detail in Olkin, Heck, and Naghshineh(1996) , can be selected depending on the application. The �rst four performance measures are the threeinduced matrix norms, l1, l2 and l1 and the Frobenius norm. The �fth performance measure chooses thesmallest singular value of each actuator which helps minimize the e�ect of deep nulls in an actuator frequencyresponse, which can lead to nonrobust control designs with poor performance. The sixth measure choosesthe actuator response with the largest average value over all frequencies and response locations. The seventhmeasure is the ratio of the minimum to maximum actuator response over frequency, re
ecting the fact that
atter actuator frequency responses are often desirable due to noise control robustness and performanceconsiderations. The last performance measure attempts to minimize the e�ect of spatial nulls by choosingthe maximum row sum of the actuator matrix. 12



As was the case with a single matrix, this permutation step is followed by left multiplying each G(!1);..., G(!n) with the corresponding Householder matrices that will zero the subdiagonal components of theselected columns for each R22(!1); : : : ; R22(!n) matrix. Figure 2 illustrates this multidimensional broadbandextension of the Householder QR factorization with column pivoting. Note that P is not a function offrequency; hence this matrix of ones and zeros is the same for each frequency.For the broadband case, the error bounds in Eqs. (17) and (18) hold for each frequency, i.e.,sin�(A(!1); A(!1)�a) � �r+1(!1) k R11(!1)�1 ksin�(A(!2); A(!2)�a) � �r+1(!2) k R11(!2)�1 k...sin�(A(!n); A(!n)�a) � �r+1(!n) k R11(!n)�1 kand sin�(S(!1)T ; (S(!1)�s)T ) � �s+1(!1) k R11(!1)�1 ksin�(S(!2)T ; (S(!2)�s)T ) � �s+1(!2) k R11(!2)�1 k...sin�(S(!n)T ; (S(!n)�s)T ) � �s+1(!n) k R11(!n)�1 k :The bounds hold for each frequency because the derivation of the bounds does not depend upon the speci�cproperties of the QR factorization. Rather, the proof holds for a general R11 matrix. However, the quality ofthe bound may be adversely a�ected if k R�111 k is not on the order of ��1k .3.5 Computational complexity of approachThe algorithm for implementing the transducer selection approach described above is computationally e�cientand, as a result, can be used for very large-scale problems involving hundreds to thousands of sensors and13



actuators. Speci�cally, suppose we are choosing k actuators out of Nd total actuators, with Ne error sensors,over Nf frequencies. Each of the following transducer selection methods requires some sort of computation ofthe residual of the active vibration control system. Let O(residual)k represent the 
op count for computingthe system residual with k actuators. Then Table 1 gives a general complexity overview of some actuatorselection methods, and the dominating term by way of easy comparison. The methods are (i) ExhaustiveSearch, in which all combinations of k actuators are considered, (ii) Best k, in which each actuator is evaluatedindividually and the Best k are chosen, (iii) sequential forward selection, in which actuators are added tothe chosen set based on which new actuator will behave the best with those already chosen, and �nally, (iv)Multidimensional QR, the algorithm presented in this paper. Choosing k out of Ns sensors yields similarrelative complexity counts as in Table 1, with Multidimensional QR still more computational e�cient thanthe SFS method. For brevity, we include results for the actuators only.Table 1: Algorithm Complexity For Choosing k out of Nd ActuatorsMethod General Complexity Dominating TermExhaustive Search Nf Nd !k!(Nd�k)!O(residual)k Nf Nd!k!(Nd�k)! (6Nek2 + 20k3)Multidim. QR Pki=1 iO(column-selection)+ k2(NfN2e + N3e ) + kNfN3e +NfNeNfO(Householder transform)Seq. Forward Sel. Pki=1f(Nd � i + 1)O(residual)ig k3NfNdNe + k4NfNd � k5NfBest k NdNfO(residual)1 7NfNdNeIt can be di�cult to compare the dominating terms, so as way of example, consider a system with 40possible actuators in which only 20 can be kept. Assume there are 20 error sensors measuring the actuatorresponses over 300 frequencies. Then the complexity for these four methods are shown in Table 2, printedin order of optimality of solution.Table 2: Example Complexity ComparisonMethod ComplexityExhaustive Search 6.9e19Sequential Forward Selection 3.8e9Multidimensional QR 9.9e7Best k 1.7e614



Notice that the Multidimensional QR algorithm is more e�cient than sequential forward selection, andcomparable with Best K. In addition, the method is guaranteed to perform as well or better than both SFSand Best K. As will be demonstrated in the next section, the e�ciency of this procedure enables practicaltransducer selection for large-scale problems.4 NUMERICAL RESULTSThe methods described in the previous section were applied to the problem of controlling vibrations on asmart plate model (embedded sensors and actuators). The SPICES consortium's solid-plate model (Flammet al. 1995) was considered.As shown in Figure 3, the plate is a layered composite material 46 � 46 � 1:2 cm. (18 � 18 � 0:5 in.),connected to an in�nite, rigid base on the bottom of the plate at the four corners (indicated by the blackdots). The plate was excited with a point force with x, y, and z components. The force was applied to theplate through a sti� tripod (all three connections with the plate move together to simulate connectors betweenthe plate and attached machinery). The forcing function was an impulse with 
at frequency response. The�rst 268 natural frequencies and mode shapes of this 3858-node plate model were used in the computationof frequency response matrices (admittance) relating excitation force to displacement.The sensor models used in this numerical experiment measure point displacements. For the sensor place-ment studies, 361 evenly spaced candidate sensor locations were used. The candidate locations were on a19� 19 grid (2.5 cm=1 in. from nearest neighbor) in the middle layer (denoted by the dashed line). For theactuator placement studies, simple two-dimensional actuators were modeled and incorporated into the platemodel. The actuators have length and depth (into the plate), but no width. Figure 4 shows a cross-sectionside view of the plate with an embedded actuator. The directional forces in the model are shown as �F ,which produce an e�ective bending moment about the center of the actuator. A total of 180 candidate actu-ator locations were speci�ed for the actuator selection studies. From a top view of the plate (xy projection),the actuator locations formed a checkerboard pattern, as illustrated in the right plot in Figure 3. The lines15



between the dots on the checkerboard pattern represent the actuators, and all horizontal and vertical lines,represented by letters in this schematic, are considered actuators. The goal of the vibration control systemwas to reduce the transmission of forces over 500-4000 Hz from the tripod excitation to the connectors atthe four corners of the plate. Thus, the four corners of the plate model represent the vibration control zone.All control law designs used FIR implementations designed using the conjugate-gradient method describedin Section 2. The FIR weights were found by solving the minimization problem in Eq. (6).To select the sensors and actuators, the continuous, time-domain, state-space model responses weresampled and used to compute the frequency response matrices S and A in Eq. (7). The sensor and ac-tuator selction was then performed using these matrices. Finally, the FIR controller was implemented andthe controlled system responses computed.The S matrix consisted of 361 rows (corresponding to sensor responses), and the Amatrix had 180 columns(actuator responses). The broadband extension of the Householder QR with column-pivoting factorizationwas applied to these matrices to �nd the columns of A and rows of S that formed matrices with approximatelythe same range space as the original matrices. As described in Section 3.4, the matrix 2-norm was used bythe Householder algorithm to select the columns of the response matrices. The numerical rank of the Smatrix (with a threshold set @ -30 dB) was approximately 3. Based on this, three sensors were chosen. Theirlocations correspond to the connector points between the tripod and the plate in Figure 3. The numericalrank of the A matrix was approximately 4. The left plot in Figure 5 shows the locations of the actuators andsensors chosen by the broadband QR method. The right plot shows the uncontrolled (dashed) and controlled(solid) time-domain impulse responses for the control bandwidth at the x = 17 in., y = 17 in. connector.As can be seen, this control con�guration quickly reduces the vibration transmission from the tripod to theconnectors. Figure 6 shows the power spectral density (psd) of the uncontrolled and controlled vibrationresponses for the sensor-actuator layout chosen by the multidimensional QR algorithm. The lines shownrepresent the root mean squared (RMS) of the values of the responses at all four feet from the x, y, and ztripod excitation. As can be seen, the controller e�ectively reduces the transmission power over the controlbandwidth (500-4000 Hz). 16



To compare the QR-based designs with manually selected actuator locations, additional designs werecompleted, chosen to be intuitively competitive. The results are shown in Figures 7 through 10 (all casesused the QR sensor con�guration). As can be seen, the performance for each design were inferior to thoseof the QR-based actuator con�guration. Table 3 shows the in-band control performance (500-4000Hz) ateach of the four feet (or corners) of the plate in dB. The three con�gurations of actuator placement are theQR-based con�guration and the two comparison con�gurations shown in Figures 7 and 9. Notice that theperformance at all four corners for the QR-based con�guration is about the same level, whereas there is muchmore variation for the other two con�gurations, and even some enhancement.Table 3: Performance Comparison.In-Band Performance (dB)Con�guration Corner 1 Corner 2 Corner 3 Corner 4QR 10.9 10.9 11.4 11.4Figure 7 6.86 -.24 .76 -.40Figure 9 10.6 5.8 2.3 3.25 SUMMARYThis paper has presented a computationally e�cient, unifying method for broadband sensor and actuatorselection. The method is based on the Householder QR with column-pivoting factorization of the system'sfrequency response matrices. Using the Householder algorithm, upper bounds were presented on the errorsinduced by selecting a subset of transducers. The bounds can be computed e�ciently, as they are in termsof the singular values of the response matrices. Also, they serve as su�cient conditions for optimality ofthe transducer selection method, such that rank-de�cient response matrices with large spectral gaps in thesingular values cause the bounds in Eq. (17) and Eq. (18) to reach equality instead of inequality. Finally, themultidimensional extension of the Householder QR procedure developed in this paper provides a practicalmethod of selecting sensors and actuators that yield e�ective control over a broad band of frequencies. Thenew method is more e�cient than sequential forward selection and has an order of complexity approaching17
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Table LegendsTable 1: Algorithm Complexity For Choosing k out of Nd Actuators.Table 2: Example Complexity Comparison.Table 3: Performance Comparison.
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Figure LegendsFigure 1: Block diagram of the vibration control problem. The responses from the disturbance to thesensors, S, are sent to the compensator W . The outputs, WS, are sent through the actuators, A, tothe vibration control zone. A feedforward neutralization �lter, N , is used to \neutralize" the feedbackcoupling, C, between the actuators and sensors.Figure 2: Multidimensional Householder QR factorization with column pivoting.Figure 3: The left plot shows the solid-plate model developed by the SPICES consortium. The right plotshows the pattern for the 180 candidate actuator locations embedded in the SPICES plate.Figure 4: Actuator Model.Figure 5: Locations of the actuators and sensors chosen by the broadband QR method (left). The uncon-trolled (dashed) and the controlled (solid) time-domain impulse responses for the control bandwidthfor the connector located at x = 17in:, y = 17in: (right).Figure 6: Plot of the RMS values of the uncontrolled (solid) and the controlled (dashed) responses at allfour feet for the con�guration chosen by the QR algorithm.Figure 7: Locations of the actuators and sensors chosen by the authors for comparison to the QR method(left). The uncontrolled (dashed) and the controlled (solid) time-domain impulse responses for thecontrol bandwidth for the connector located at x = 17in:, y = 17in: (right).Figure 8: Plot of the RMS of the uncontrolled (solid) and the controlled (dashed) responses at all four feetfor the con�guration chosen by the authors.Figure 9: Locations of the actuators and sensors chosen by the authors for comparison to the QR method(left). The uncontrolled (dashed) and the controlled (solid) time-domain impulse responses for thecontrol bandwidth for the connector located at x = 17in:, y = 17in: (right).21



Figure 10: Plot of the RMS of the uncontrolled (solid) and the controlled (dashed) responses at all fourfeet for the con�guration chosen by the authors.
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Figure 1: Block diagram of the vibration control problem. The responses from the disturbance to the sensors,S, are sent to the compensator W . The outputs, WS, are sent through the actuators, A, to the vibrationcontrol zone. A feedforward neutralization �lter, N , is used to \neutralize" the feedback coupling, C, betweenthe actuators and sensors.
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Figure 5: Locations of the actuators and sensors chosen by the broadband QR method (left). The uncontrolled(dashed) and the controlled (solid) time-domain impulse responses for the control bandwidth for the connectorlocated at x = 17in:, y = 17in: (right).

27



10
2

10
3

10
4

−140

−120

−100

−80

−60

−40

−20

0

Frequency (Hz)

La
rg

es
t S

in
gu

la
r 

V
al

ue
 (

dB
)

Uncontrolled

Controlled

<−−− In Band −−−>Figure 6: Plot of the largest singular values of the uncontrolled (solid) and the controlled (dashed) responsesat all four feet for the con�guration chosen by the QR algorithm.

28



0

9

18

0

9

18
0

0.5

1

1.5

2

2.5

3

X  (inches)
Y  (inches)

Z  (inches)

0 0.01 0.02 0.03 0.04 0.05 0.06
−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

2.5
x 10

−5

Time (sec)

Fo
rc

e 
(lb

s)
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