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We develop an effective medium model of thermal conductivity that accounts for both percolation
and interface scattering. This model accurately explains the measured increase and decrease of
thermal conductivity with loading in composites dominated by percolation and interface scattering,
respectively. Our model further predicts that strong interface scattering leads to a sharp decrease in
thermal conductivity, or an insulator transition, at high loadings when conduction through the
matrix is restricted and heat is forced to diffuse through particles with large interface resistance.
The accuracy of our model and its ability to predict transitions between insulating and conducting
states suggest it can be a useful tool for designing materials with low or high thermal conductivity
for a variety of applications. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4964406]

The ability to obtain high or low thermal conductivity
makes composite materials of great technological interest.
Materials with low thermal conductivity are needed for insu-
lating thermoelectrics (TE)," while materials with high
thermal conductivity are needed for thermal interface materi-
als (TIM).3 “+ Since the efficiency of a TE device increases
with the figure of merit ZT,> which is proportional to temper-
ature, improving the insulation of a TE device leads to less
lateral heat loss, larger operating temperatures, and thus
higher efficiency.? On the other hand, TIMs are needed to
transfer heat from semiconductor devices such as transistors
to a heat sink or heat spreader.>*® Improving the thermal
conductivity of TIMs reduces the thermal resistance of the
heat transfer system and lowers the operating temperature of
the underlying device, improving lifetime and reliability.

The current approaches for achieving high or low ther-
mal conductivity have considerable limitations. For example,
the porous silica aerogels'* used to insulate TE devices are
mechanically brittle, leading to short lifetimes and high
maintenance costs, while the thermal conductivity of TIMs
consisting of ceramic particles in a polymer matrix is limited
by thermal resistance associated with the mismatch in elastic
properties at the interfaces.>*

To improve the performance of insulators and TIMs, it
is necessary to develop models that account for all of the
physical phenomena that affect thermal conductivity. For
composite materials, this includes two competing effects:
percolation and interface scattering.*’~® Percolation, which
occurs at high loading when a continuous path is formed
through the conductive phase, increases the effective thermal
conductivity. Interface scattering, which arises from the dif-
ference in the phonon density of states between the particle
and matrix,lo reduces the effective thermal conductivity, and
is particularly important for nanoparticles with large surface-
to-volume ratio.

The most accurate models for calculating thermal con-
ductivity of composite materials are based on molecular
dynamics simulations or the Boltzmann transport equa-
tion.>!" While accurate, these models are computationally
expensive, particularly for random mixtures. Alternatively,
effective medium models derived from diffusion theory are
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simple and efficient, but inaccurate at high loading and the
nanoscale because they do not account for both percolation
and interface scattering. For example, the Maxwell-Garnett
model assumes isolated discrete particles.12 As a result, it
does not capture percolation and is accurate only for small
volume loadings. For large loadings, the most widely used
models are the symmetric'>'? and asymmetric*'* Bruggeman
models. The Bruggeman asymmetric model (BAM) includes
interfacial thermal resistance, but does not include the effects
of thermal percolation. Consequently, it underpredicts the
thermal conductivity. Alternatively, the Bruggeman symmet-
ric model (BSM) accounts for percolation, but does not
include interfacial resistance, and thus overestimates the
effective thermal conductivity.

In this Letter, we develop a generalized BSM (GBSM)
that includes interface resistance and apply it to study ther-
mal conduction in composite materials. Like the BSM, our
model predicts a sharp increase in thermal conductivity at
percolation when the interface scattering is weak. On the
other hand, when the interface scattering is strong, our model
also predicts a sharp decrease in thermal conductivity, or an
insulator transition, at high loading. We also apply the model
to explain the measured dependence of thermal conductivity
on loading and particle size. The accuracy and simplicity of
our model, and its ability to predict transitions between insu-
lating and conducting states, suggest it can be a useful tool
for designing materials with low or high thermal conductiv-
ity for a variety of applications.

To derive our model, we consider a spherical particle of
thermal conductivity k,, embedded in a matrix of thermal
conductivity x,,, subjected to an external heat flux ¢g. The
solution of the heat equation for the temperature in the
matrix (7,,) and the particle (7)), relative to the temperature
at the center of the particle, is'>'”

Km

A
Tm:—ircos(9<l+—3> and T, =Brcost, (1)
”

where 7 is the distance from the center of the sphere, ¢ is
along z (= rcos 8), where 6 is the angle between r and z, and
A and B are integration constants determined by the boundary
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conditions. Without interface resistance, the temperature and
normal component of heat flux are continuous at the particle
boundary, i.e., at r =a (Refs. 12 and 15)

oTy, T,
T,=T, and - me = —Kl,a—:. 2)
Applying Eq. (2) to Eq. (1), we obtain
m 3
% g o p=— 1 3
2Ky + Kp 2Ky + Kp
The temperature in the matrix is then
T 9 reos |1+ (Kn =t @)
= - r —_— .
" Km B3\ 2k, +x,) |

where the second term in Eq. (4) represents a local distortion
in T,, due to the particle.

We now consider a composite containing a random dis-
tribution of spheres. In the BSM, the effective thermal con-
ductivity .z of the composite is defined such that the
volume average of the local distortion of T, is zero, which is
equivalent to the condition”'*'®

Keff — K
— dk =0 5
|3t =0 ®

where p(x)dk is the probability that the material in an arbi-
trary location has a conductivity . Since this probability is
proportional to the volume fraction f, k. for a two-phase
composite is thus given by*’"'?

Keff — Kp Keff — Km
Keff TN _py S T, 6
2Kepr + Kp ) 2Kepy + K ©

The solution of Eq. (6) is the BSM. It is invariant with
respect to interchange of the particle and matrix, i.e., k. is
unchanged when x,, < k, and f — 1 — f. Therefore, the
BSM provides a unique value of x; for a given set of mate-
rials, and does not distinguish between site (particle) and
bond (matrix) percolation. We also note that the BSM can be
generalized to multiphase composites by solving
>ifilkepy — 1) [ (20epp 4 1i) with 32, fi = 1.

We now extend the BSM to include interfacial boundary
resistance by imposing suitable boundary conditions, namely,
the heat flux is continuous at r = a, but the temperature is dis-
continuous by an amount proportional to the normal compo-
nent of the heat flux at r = a (Ref. 15)

OT

Tm —Lip = Rme,pW7

@)
where R, is the interfacial boundary resistance. Applying
these boundary conditions to Eq. (1), we find that A and
B have the same form as in Eq. (3), with ¢ replaced by
q/(1 + Rpx,/a) and K, replaced by™"

/ Kp

Kp:1—|—Rpr/a' ®

We find that K;) which can be viewed as the effective ther-
mal conductivity of a particle, decreases with the ratio of the
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boundary resistance to the thermal resistance of the particle
(a/xp), and thus decreases with surface-to-volume ratio 1/a.
The closed-form solution of our model, obtained by solving
Eq. (6) with k, — K, is given by

1/2
Keff = % {K + (KZ + 8K;)ij) ], where
K = 16n(2 = 3) + K(3f — 1). ©)

The evaluation of x4 depends on the evaluation of R,
which can be calculated from the net diffuse phonon flux
transmitted across a semi-infinite interface due to a local

temperature gradient'*'”
1 _1Z J“/ij’n‘?f‘fd Dy )8f(w,T)h
R, 24 Oy o Jo OEmi\ @ oT “
J
X Tyop (0, w)cos(0)sin(0)d0, (10)

where j denotes the phonon polarization, w and %", respec-

tively, are the phonon frequency and maximum phonon fre-
quency in the matrix, t,,_., is the transmission coefficient from
the matrix to the particle, v,,,; is the velocity of phonons in the
matrix, 7 is Planck’s constant, D,,,(w) is the density of states
of the matrix, f{w, T) is the Bose-Einstein distribution, where T
is the temperature, and 0 is the angle of incidence. To obtain a
closed-form expression for R,, we make several approxima-
tions. First, we assume isotropic materials with linear disper-
sion (i.e., Debye solids), and thus D, (@) = w*/(27°v;, ;) and
W = vy J(6n2nm)l/ 3, where n,, is the atomic density of the
matrix. Second, for matrix materials with low Debye frequen-
cies such as polymers, f(w,T) = kgT/(fiw) at high tempera-
tures, where kz is Boltzmann’s constant. Lastly, since the
dominant phonon wavelengths at high temperatures are small
compared to the interface roughness, there will be scattering at
the interfaces. Thus, 7,,_., can be accurately calculated using
the diffuse mismatch model'®"”

-2 -2
UpL + ZUP,T

-2 -2 -2 -2
vm,L + 2Um.T + Up,L + 2U[J,T

(1)

Tm—sp =

where the subscripts L and 7, respectively, denote longitudi-
nal and transverse acoustic phonon polarizations. With these
approximations, Eq. (10) reduces to'”

1 1
R_b = Zanme—m(Um,L + 21)m,T)~ (12)

Our model is completely contained in Egs. (8), (9), (11), and
(12), with all symbols defined in Table I.

TABLE I. Definition of symbols used in the model.

Symbol Property

K (Kp) Thermal conductivity of the matrix (particle)
f Volume loading fraction of particles

a Radius of particles

n,, Atomic density of the matrix

Uyt (U,,2)  Velocity of longitudinal acoustic phonons in the matrix (particle)
Uyt (Up,y)  Velocity of transverse acoustic phonons in the matrix (particle)
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The effective thermal conductivity given by our model
depends on the competing effects of percolation and inter-
face scattering. Percolation increases the effective thermal
conductivity of the composite, while interface scattering
reduces the effective thermal conductivity of the particle
(;c;)). Since K;, depends on the surface-to-volume ratio 1/a,
the effective thermal conductivity is critically dependent on
radius. This is illustrated by Fig. 1, which shows x4 calcu-
lated with our GBSM (solid lines) as a function of loading
for three particle sizes with x,/i,, = 100. Also shown is x4
calculated with the BAM (dashed lines). For a particular
radius known as the Kapitza radius (ak), the reduction in the
effective thermal conductivity due to interface scattering
exactly cancels the increase arising from percolation, and
K¢ 1s independent of loading. The Kapitza radius, obtained
by setting x, = K, in Eq. (8), is given by

Rpr

= 13
ag - (13)

For large particles with negligible interface scattering (i.e.,
alax — 00), KZ;) =k, and K, increases with loading.
Alternatively, for small particles with strong interface scatter-
ing (ie., a < ag), K; < i and K.y decreases with loading.
While the BAM also predicts this general behavior, our
GBSM predicts an abrupt change near percolation. In compo-
sites with weak interface scattering, the abrupt increase in K
at 30% loading is well documented.** It occurs when a con-
tinuous path of conduction is formed between conductive par-
ticles. At the other extreme, when the interface scattering is
strong, the particles have near-zero effective thermal conduc-
tivity, and the conduction is largely through the matrix.
However, owing to the symmetry of our GBSM, we find that
K decreases abruptly near 70% particle loading, or when the
loading of the more conductive matrix phase falls below the
percolation value of 30%. In this case, continuous paths of
conduction through the matrix are restricted, and the heat is
forced through contiguous particles with large interface resis-
tance, resulting in ultralow effective thermal conductivity.
This can be seen explicitly by taking the limit of our model as
alag — 0, in which case ;c;, = 0 and 4= 0 for f> 2/3.

Our model assumes that the interface is preserved for all
loadings, whereas in practice, particle agglomeration at high
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FIG. 1. Effective thermal conductivity relative to k,, versus volume loading of
particles with ,/i,,= 100 and various sizes normalized to the Kapitza radius
(ag). The solid and dashed lines, respectively, show our GBSM and the BAM.
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loading may reduce the interfacial area and diminish the
insulator transition. In principle, this can be avoided by coat-
ing the particles with a thin layer of the matrix material. To
investigate the impact of a coating layer on the insulator
transition, we used the Maxwell-Garnett equation to calcu-
late the effective thermal conductivity of coated particles
with interface scattering '

B K;’ + 2Km + 2fp (K;7 — ;cm)
K =x
14 m K;) + 2Km _f;p (K[/, . Km) ’

(14)

where f,,, is the ratio of the volume of the particle to the vol-
ume of the coated particle. Figure 2 shows the thermal con-
ductivity of the composite with a/ax =0.01 from Fig. 1, as a
function of loading for several values of f.,,. The inset shows
K’;, as a function of f,,. As f,,, decreases from 1 (our original
model), the effective thermal conductivity increases, as a
larger fraction of the coated particle volume is occupied by
the more conductive matrix coating. Therefore, as long as
the coating layer is thin compared to the particle size (i.e.,
fep= 1), the effective conductivity of the coated particle is
dominated by the interface resistance and x; remains low.
We now apply our GBSM to understand the measured
thermal conductivity of composites containing aluminum
nitride (AIN) particles in epoxy'®'® and diamond particles in
zinc sulfide (ZnS).'* The material properties used in the calcu-
lations are shown in Table II. The atomic density of epoxy
was calculated from the specific heat (c,,= 1,060 J/kg/K)20
and density (p,, = 1,150kg/m>)*' using the Dulong-Petit rela-
tion n,, = %pmcm /kg, and for x,, we used the typical polycrys-
talline values. Figure 3(a) shows our GBSM and the measured
thermal conductivity (circles) as a function of loading for
7 um diameter AIN particles in epoxy (R,=0.064 mm’K/
W).'® Also shown is the K predicted by the BAM with
R,=0 and the BSM. In this case, the particle size is larger
than the Kapitza diameter (26 nm) and x. increases with load-
ing. Because the BAM does not account for percolation, it
underpredicts the thermal conductivity for large loadings,
even with R, =0. On the other hand, the BSM (GBSM with
R,=0) overpredicts . because it does not account for

S o fc =0
Z 10 i

5
5 f =0.75

cp
2
= ;
E R B f ,=0.96
g 10 E o
[&] ::Q
[
S 107 fcp=1
> 0 05 1
= f
= _2 cp
10

0 20 40 60 80 100
Volume loading (%)

FIG. 2. Effective thermal conductivity as a function of volume loading of
matrix-coated particles with «,/k,, = 100 and a/ax = 0.01, for various values
of f.,,. the ratio of the volume of the particle to the volume of the coated par-
ticle. The inset shows the effective thermal conductivity of the coated parti-
cle as a function of f,,.
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TABLE II. Material properties used in the calculations.

Thermal
conductivity  Longitudinal ~ Transverse Atomic
Material (W/m/K) speed (m/s) speed (m/s)  density (1 /m%)
Epoxy?*! 0.2 2,377 1,128 2.9 % 10%
AIN?*? 60 11,230 6,187
ZnS'+? 17.4 5,510 2,640 5.0 x 10
Diamond** 600 17,500 12,800

interface scattering. Our GBSM, which includes both effects,
shows considerable agreement with the data, particularly with
regard to the onset of percolation at 30% and the linear
increase of .4 beyond percolation. Figure 3(b) shows the
modeled and measured k4 as a function of AIN diameter for a
loading of 50%."° Our GBSM agrees well with the data, while

(a) g 15
£ BSM
= data
210 [18]
=
‘g GBSM
©
c
8 5 °
©
£ . BAM
2 (R,=0)
F o
0 20 40 60 80
Volume loading (%)
(b) & 20
BSM
15
GBSM

[ ]
e data[19]

(4]

BAM (R, =0)

Thermal conductivity (W/m/K)
=

o

o

10 20 30 40
Diameter (um)

(c)

e N
(6] o
Py

()]

Thermal conductivity (W/m/K)
=

o
o

20 40 60 80
Volume loading (%)

FIG. 3. (a) Thermal conductivity versus volume loading for 7 um diameter
AIN particles in epoxy. (b) Thermal conductivity versus diameter of AIN in
epoxy for a loading of 50%. (c) Thermal conductivity versus volume loading
for 100 nm diamond particles in ZnS.
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the BAM with R, =0 and BSM, respectively, underpredict
and overpredict x5 A plausible explanation for the relatively
small overestimate of .z by our GBSM is that our model
does not include the interfacial resistance associated with
imperfect chemical bonding between the particle and the
matrix. Also, we find that a GBSM based on the acoustic mis-
match model'® cannot explain the overestimate (not shown).
Figure 3(c) shows the measured and modeled thermal conduc-
tivity for 100 nm diamond particles in ZnS (R, = 0.013 mm?K/
W).!* In this case, the particle size is smaller than the Kapitza
diameter (612nm) and k. decreases with loading. While our
GBSM captures the correct general trend, it overpredicts K.z
This is also likely due to poor bonding between the particle
and matrix. To determine whether a large R;, due to poor bond-
ing can explain the data, we calculated the thermal conductiv-
ity using our GBSM and the BAM with R, — oo, and find
that both models closely follow the data up to 30% loading.

In summary, we developed an effective medium model
of thermal conductivity for composite materials that accounts
for both percolation and interface scattering. We applied our
model to explain the measured dependence of thermal con-
ductivity on loading and particle size. Depending on the ratio
of the interface resistance to the thermal resistance of the par-
ticle, the effective thermal conductivity of the composite can
be increased or decreased relative to the matrix. In particular,
we showed that strong interface scattering can lead to an insu-
lator transition at high loadings (67%) when conduction paths
through the matrix are eliminated. The accuracy and simplic-
ity of our model, and its ability to predict transitions between
insulating and conducting states, suggest it can be a useful
tool for designing materials with low or high thermal conduc-
tivity for a variety of applications.
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